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ISOMETRY GROUPS OF NON-POSITIVELY CURVED SPACES:
DISCRETE SUBGROUPS
PIERRE-EMMANUEL CAPRACE* AND NICOLAS MONOD
‡
Abstrat. We study latties in non-positively urved metri spaes. Borel density is
established in that setting as well as a form of Mostow rigidity. A onverse to the at
torus theorem is provided. Geometri arithmetiity results are obtained after a detour
through superrigidity and arithmetiity of abstrat latties. Residual niteness of latties
is also studied. Riemannian symmetri spaes are haraterised amongst CAT(0) spaes
admitting latties in terms of the existene of paraboli isometries.
1. Introdution
Latties in semi-simple algebrai groups have a tantalisingly rih struture; they inlude
arithmeti groups and more generally S-arithmeti groups over arbitrary harateristis.
The nature of these groups is shaped in part by the fat that they are realised as isometries
of a anonial non-positively urved spae: the assoiated Riemannian symmetri spae, or
BruhatTits building, or a produt of both types.
Many other groups of rather diverse origins share this property to our as latties in
non-positively urved spaes, singular or not:
 The fundamental group of a losed Riemannian manifold of non-positive setionnal
urvature. Here the spae ated upon is the universal overing, whih is a Hadamard
manifold.
 Many Gromov-hyperboli groups admit a properly disontinuous oompat ation
on some CAT(−1) spae by isometries. Amongst the examples arising in this way
are hyperboli Coxeter groups [Mou88℄, C ′(16 ) and C
′(14 )-T (4) small anellation
groups [Wis04℄, 2-dimensional 7-systoli groups [J06℄. It is in fat a well known
open problem of M. Gromov to onstrut an example of a Gromov-hyperboli group
whih is not a CAT(0) group (see [Gro93, 7.B℄; also Remark 2.3(2) in Chapter III.Γ
of [BH99℄).
 In [BM00b℄, striking examples of nitely presented simple groups are onstruted
as latties in a produt of two loally nite trees. Tree latties were previously
studied in [BL01℄.
 A minimal adjoint KaMoody group over a nite eld, as dened by J. Tits [Tit87℄,
is endowed with two BN -pairs whih yield strongly transitive ations on a pair of
twinned buildings. When the order of the ground eld is large enough, the Ka
Moody group is a lattie in the produt of these two buildings [Rém99℄.
Subsuming all the above examples, we dene aCAT(0) lattie as a pair (Γ,X) onsisting
of a proper CAT(0) spae X with oompat isometry group Is(X) and a lattie subgroup
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Γ < Is(X), i.e. a disrete subgroup of nite invariant ovolume (the ompat-open topology
makes Is(X) a loally ompat seond ountable group whih is thus anonially endowed
with Haar measures). We say that (Γ,X) is uniform if Γ is oompat in Is(X) or, equiva-
lently, if the quotient Γ\X is ompat; that ase orresponds to Γ being a CAT(0) group
in the usual terminology.
Amongst CAT(0) latties, the most important, and also the best understood, notably
through the work of G. Margulis, onsist undoubtedly of those arising from latties in semi-
simple groups over loal elds. It is therefore natural to address two sets of questions.
(a) What properties of these latties are shared by all CAT(0) latties?
(b) What properties haraterise them within the lass of CAT(0) latties?
This artile is devoted to the study of CAT(0) latties and entres largely around the
above questions, though we also address the general question of the interplay between the
algebrai struture of a CAT(0) lattie and the geometri properties of the underlying spae.
Some of the tehniques established in the present paper have been used in a subsequent
investigation of latties in produts of KaMoody groups [CM08d℄.
We shall now desribe the main results of this artile; for many of them, the ore of
the text will ontain a stronger, more preise but perhaps more ponderous version. Our
notation is standard, as realled in the Notation setion of the ompanion paper [CM08℄.
We refer to the latter for terminology and shall quote it freely.
.
Geometri Borel density. As a link between the general theory exposed in [CM08℄
and the study of CAT(0) latties, we propose the following analogue of A. Borel's density
theorem [Bor60℄.
Theorem 1.1. Let X be a proper CAT(0) spae, G a loally ompat group ating ontin-
uously by isometries on X and Γ < G a lattie. Suppose that X has no Eulidean fator.
If G ats minimally without xed point at innity, so does Γ.
This onlusion fails for spaes with a Eulidean fator. The theorem will be established
more generally for losed subgroups with nite invariant ovolume. It should be ompared
to (and an of ourse be gainfully ombined with) a similar density property of normal
subgroups established as Theorem 1.10 in [CM08℄.
Remark 1.2. Theorem 1.1 applies to general proper CAT(0) spaes. It implies in partiular
the lassial Borel density theorem (see the end of Setion 2).
As with lassial Borel density, we shall use this density statement to derive statements
about the entraliser, normaliser and radial of latties in Setion 2.
A more elementary variant of the above theorem shows that a large lass of groups have
rather restrited ations on proper CAT(0) spaes; as an appliation, one shows:
Any isometri ation of R. Thompson's group F on any proper CAT(0) spae X has a
xed point in X ,
see Corollary 2.3. Theorem 1.1 also provides additional information about the totally dis-
onneted groups Dj ourring in Theorem 1.6 in [CM08℄.
.
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Latties: Eulidean fator, boundary, irreduibility and Mostow rigidity. Reall
that the Flat Torus theorem, originating in the work of GromollWolf [GW71℄ and Lawson
Yau [LY72℄, assoiates Eulidean subspaes R
n
to any subgroup Z
n
of a CAT(0) group,
see [BH99,  II.7℄. (In the lassial setting, when the CAT(0) group is given by a ompat
non-positively urved manifold, this amounts to the seemingly more symmetri statement
that suh a subgroup exists if and only if there is a at torus is the manifold.)
The onverse is a well known open problem stated by M. Gromov in [Gro93,  6.B3℄; for
manifolds see S.-T. Yau, problem 65 in [Yau82℄). Point (i) in the following result is a (very
partial) answer; in the speial ase of oompat Riemannian manifolds, this was the main
result of P. Eberlein's artile [Ebe83℄.
Theorem 1.3. Let X be a proper CAT(0) spae, G < Is(X) a losed subgroup ating
minimally and oompatly on X and Γ < G a nitely generated lattie. Then:
(i) If the Eulidean fator of X has dimension n, then Γ possesses a nite index sub-
group Γ0 whih splits as Γ0 ≃ Zn × Γ′.
Moreover, the dimension of the Eulidean fator is haraterised as the maximal
rank of a free Abelian normal subgroup of Γ.
(ii) G has no xed point at innity; the set of Γ-xed points at innity is ontained in
the (possibly empty) boundary of the Eulidean fator.
Point (ii) is partiularly useful in onjution with the many results assuming the absene
of xed points at innity in [CM08℄. In addition, it is already a rst indiation that the
mere existene of a (nitely generated) lattie is a serious restrition on a proper CAT(0)
spae even within the lass of oompat minimal spaes. We reall that E. Heintze [Hei74℄
produed simply onneted negatively urved Riemannian manifolds that are homogeneous
(in partiular, oompat) but have a point at innity xed by all isometries.
Sine a CAT(0) lattie onsists of a group and a spae, there are two natural notions of
irreduibility: of the group or of the spae. In the ase of latties in semi-simple groups, the
two notions are known to oinide by a result of Margulis [Mar91, II.6.7℄. We prove that
this is the ase for CAT(0) latties as above.
Theorem 1.4. In the setting of Theorem 1.3, Γ is irreduible as an abstrat group if and
only if for any nite index subgroup Γ1 and any Γ1-equivariant deomposition X = X1×X2
with Xi non-ompat, the projetion of Γ1 to both Is(Xi) is non-disrete.
The ombination of Theorem 1.4, Theorem 1.3 and of an appropriate form of superrigidity
allow us to give a CAT(0) version of Mostow rigidity for reduible spaes (Setion 4.E).
.
Geometri arithmetiity. We now expose results giving perhaps unexpetedly strong
onlusions for CAT(0) latties  both for the group and for the spae. These results were
announed in [CM08e℄ in the ase of CAT(0) groups; the present setting of nitely generated
latties is more general sine CAT(0) groups are nitely generated (f. Lemma 3.3 below).
We reall that an isometry g is paraboli if the translation length infx∈X d(gx, x) is not
ahieved. For general CAT(0) spaes, paraboli isometries are not well understood; in fat,
ruling out their existene an sometimes be the essential diulty in rigidity statements.
Theorem 1.5. Let (Γ,X) be an irreduible nitely generated CAT(0) lattie with X geodesi-
ally omplete. Assume that X possesses some paraboli isometry.
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If Γ is residually nite, then X is a produt of symmetri spaes and BruhatTits build-
ings. In partiular, Γ is an arithmeti lattie unless X is a real or omplex hyperboli spae.
If Γ is not residually nite, then X still splits o a symmetri spae fator. Moreover,
the nite residual ΓD of Γ is innitely generated and Γ/ΓD is an arithmeti group.
(Reall that the nite residual of a group is the intersetion of all nite index subgroups.)
We single out a purely geometri onsequene.
Corollary 1.6. Let (Γ,X) be a nitely generated CAT(0) lattie with X geodesially om-
plete.
Then X possesses a paraboli isometry if and only if X ∼= M×X ′, whereM is a symmetri
spae of non-ompat type.
Without the assumption of geodesi ompleteness, we still obtain an arithmetiity state-
ment when the underlying spae admits some paraboli isometry that is neutral, i.e.
whose displaement length vanishes. Neutral paraboli isometries are even less understood,
not even for their dynamial properties (whih an be ompletely wild at least in Hilbert
spae [Ede64℄); as for familiar examples, they are provided by unipotent elements in semi-
simple algebrai groups.
Theorem 1.7. Let (Γ,X) be an irreduible nitely generated CAT(0) lattie. If X admits
any neutral paraboli isometry, then either:
(i) Is(X) is a rank one simple Lie group with trivial entre; or:
(ii) Γ has a normal subgroup ΓD suh that Γ/ΓD is an arithmeti group. Moreover, ΓD
is either nite or innitely generated.
We turn to another type of statement of arithmetiity/geometri superrigidity. Having
established an abstrat arithmetiity theorem (presented below as Theorem 1.9), we an
appeal to our geometri results and prove the following.
Theorem 1.8. Let (Γ,X) be an irreduible nitely generated CAT(0) lattie with X geodesi-
ally omplete. Assume that Γ possesses some faithful nite-dimensional linear representa-
tion (in harateristi 6= 2, 3).
If X is reduible, then Γ is an arithmeti lattie and X is a produt of symmetri spaes
and BruhatTits buildings.
Setion 6 ontains more results of this nature but also demonstrates by a family of exam-
ples that some of the intriaies in the more detailed statements reet indeed the existene
of more exoti pairs (Γ,X).
.
Abstrat arithmetiity. When preparing for the proof of our geometri arithmetiity
statements, we are led to study irreduible latties in produts of general topologial groups
in the abstrat. Building notably on ideas of Margulis, we stablish the following arithmeti-
ity statement (for whih we reall that the quasi-entre QZ of a topologial group is the
subset of elements with open entraliser).
Theorem 1.9. Let Γ < G = G1×· · ·×Gn be an irreduible nitely generated lattie, where
eah Gi is any loally ompat group.
If Γ admits a faithful Zariski-dense representation in a semi-simple group over some eld
of harateristi 6= 2, 3, then the amenable radial R of G is ompat and the quasi-entre
QZ (G) is virtually ontained in Γ · R. Furthermore, upon replaing G by a nite index
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subgroup, the quotient G/R splits as G+ ×QZ (G/R) where G+ is a semi-simple algebrai
group and the image of Γ in G+ is an arithmeti lattie.
In partiular, the quasi-entre QZ (G/R) is disrete. In shorter terms, this theorem states
that up to a ompat extension, G is the diret produt of a semi-simple algebrai group
by a (possibly trivial) disrete group, and that the image of Γ in the non-disrete part is an
arithmeti group. The assumption on the harateristi an be slightly weakened.
In the ourse of the proof, we haraterise all irreduible nitely generated latties in
produts of the form G = S × D where S is a semi-simple Lie group and D a totally
disonneted group (Theorem 5.18). In partiular, it turns our that D must neessarily be
loally pronite by analyti. The orresponding question for simple algebrai groups instead
of Lie groups is also investigated (Theorem 5.20).
.
Unique geodesi extension. Complete simply onneted Riemannian manifolds of non-
positive urvature, sometimes also alled Hadamard manifolds, form a lassial family of
proper CAT(0) spaes to whih the preeding results may be applied. In fat, the natural
lass to onsider in our ontext onsists of those proper CAT(0) spaes in whih every geo-
desi segment extends uniquely to a bi-innite geodesi line. Clearly, this lass ontains all
Hadamard manifolds, but it presumably ontains more examples. It is, however, somewhat
restrited with respet to the main thrust of the present work sine it does not allow for,
say, simpliial omplexes; aordingly, the onlusions of the theorem below are also more
stringent.
Theorem 1.10. Let X be a proper CAT(0) spae with uniquely extensible geodesis. Assume
that Is(X) ats oompatly without xed points at innity.
(i) If X is irreduible, then either X is a symmetri spae or Is(X) is disrete.
(ii) If Is(X) possesses a nitely generated non-uniform lattie Γ whih is irreduible as
an abstrat group, then X is a symmetri spae (without Eulidean fator).
(iii) Suppose that Is(X) possesses a nitely generated lattie Γ (if Γ is uniform, this is
equivalent to the ondition that Γ is a disrete oompat group of isometries of X).
If Γ is irreduible (as an abstrat group) and X is reduible, then X is a symmetri
spae (without Eulidean fator).
In the speial ase of Hadamard manifolds, statement (i) was known under the assumption
that Is(X) satises the duality ondition (without assuming that Is(X) ats oompatly
without xed points at innity). This is due to P. Eberlein (Proposition 4.8 in [Ebe82℄).
Likewise, statement (iii) for manifolds is Proposition 4.5 in [Ebe82℄.
More reently, FarbWeinberger [FW06℄ investigated analogous questions for aspherial
manifolds.
.
Latties and the de Rham deomposition. In [CM08℄, we proved a de Rham
deomposition
(1.i) X ′ ∼= X1 × · · · ×Xp ×Rn × Y1 × · · · × Yq
for proper CAT(0) spaes X with nite-dimensional Tits boundary and suh that Is(X) has
no xed point at innity, see Addendum 1.8 in [CM08℄. (Here X ′ ⊆ X is the anonial
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minimal invariant subspae, and we reall thatX ′ = X e.g. when X is geodesially omplete
and admits a oompat lattie by Lemma 3.13 in [CM08℄.)
It turns out that this de Rham deomposition is an invariant of CAT(0) groups in the
following sense (see Corollary 4.14).
Theorem 1.11. Let X be a proper CAT(0) spae and Γ < Is(X) be a group ating properly
disontinuously and oompatly.
Then any other suh spae admitting a proper oompat Γ-ation has the same number
of fators in (1.i) and the Eulidean fator has same dimension.
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2. An analogue of Borel density
Before disussing our analogue of Borel's density theorem [Bor60℄ in Setion 2.B below,
we present a more elementary phenomenon based on o-amenability.
2.A. Fixed points at innity. Reall that a subgroup H of a topologial group G is
o-amenable if any ontinuous ane G-ation on a onvex ompat set (in a Hausdor
loally onvex topologial vetor spae) has a xed point whenever it has an H-xed point.
The arguments of AdamsBallmann [AB98℄ imply the following preliminary step towards
Theorem 2.4:
Proposition 2.1. Let G be a topologial group with a ontinuous isometri ation on a
proper CAT(0) spae X without Eulidean fator. Assume that the G-ation is minimal and
does not have a global xed point in ∂X.
Then any o-amenable subgroup of G still has no global xed point in ∂X.
Proof. Suppose for a ontradition that a o-amenable subgroup H < G xes ξ ∈ ∂X. Then
G preserves a probability measure µ on ∂X and we obtain a onvex funtion f : X → R by
integrating Busemann funtions against this measure; as in [AB98℄, the oyle equation for
Busemann funtions (see  2 in [CM08℄) imply that f is G-invariant up to onstants. The
arguments therein show that f is onstant and that µ is supported on at points. However,
in the absene of a Eulidean fator, the set of at points has a unique irumentre when
non-empty [AB98, 1.7℄; this provides a G-xed point, a ontradition. 
Combining the above with the splitting methods used in Theorem 4.3 in [CM08℄, we
reord a onsequene showing that the exat onlusions of the AdamsBallmann theo-
rem [AB98℄ hold under muh weaker assumptions than the amenability of G.
Corollary 2.2. Let G be a topologial group with a ontinuous isometri ation on a proper
CAT(0) spae X. Assume that G ontains two ommuting o-amenable subgroups.
Then either G xes a point at innity or it preserves a Eulidean subspae in X.
We emphasise that one an easily onstrut a wealth of examples of highly non-amenable
groups satisfying these assumptions. For instane, given any group Q, the restrited wreath
produt G = Z ⋉
⊕
n∈ZQ ontains the pair of ommuting o-amenable groups H+ =⊕
n≥0Q and H− =
⊕
n<0Q, see [MP03℄. (In fat, one an even arrange for H± to be
onjugated upon replaing Z by the innite dihedral group.)
For similar reasons, we dedue the following xed-point property for R. Thompson's group
F :=
〈
gi, i ∈ N | g−1i gjgi = gj+1 ∀ j > i
〉
;
this xed-point result explains why the strategy proposed in [Far08℄ to disprove amenability
of F with the AdamsBallmann theorem annot work.
Corollary 2.3. Any F -ation by isometries on any proper CAT(0) spae X has a xed
point in X.
Proof of Corollary 2.2. We assume that G has no xed point at innity. By Proposition 4.1
in [CM08℄, there is a minimal non-empty losed onvex G-invariant subspae. Upon on-
sidering the Eulidean deomposition [BH99, II.6.15℄ of the latter, we an assume that X is
G-minimal and without Eulidean fator and need to show that G xes a point in X.
Let H± < G be the ommuting o-amenable groups. In view of Proposition 2.1, both
at without xed point at innity. In partiular, we have an ation of H = H+ × H−
without xed point at innity and the splitting theorem from [Mon06℄ provides us with a
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anonial subspae X+×X− ⊆ X with omponent-wise and minimal H-ation. All of ∂X+
is xed by H−, whih means that this boundary is empty. Sine X is proper, it follows
that X+ is bounded and hene redued to a point by minimality. Thus H+ xes a point in
X ⊆ X and o-amenability implies that G xes a probability measure µ on X . If µ were
supported on ∂X, the proof of Proposition 2.1 would provide a G-xed point at innity,
whih is absurd. Therefore µ(X) > 0. Now hoose a bounded set B ⊆ X large enough so
that µ(B) > µ(X)/2. Then any G-translate of B must meet B. It follows that G has a
bounded orbit and hene a xed point as laimed. 
Proof of Corollary 2.3. We refer to [CFP96℄ for a detailed introdution to the group F .
In partiular, F an be realised as the group of all orientation-preserving pieewise ane
homeomorphisms of the interval [0, 1] that have dyadi breakpoints and slopes 2n with
n ∈ Z. Given a subset A ⊆ [0, 1] we denote by FA < F the subgroup supported on A.
We laim that whenever A has non-empty interior, FA is o-amenable in F . The argument
is analogous to [MP03℄ and to [GM07,  4.F℄; indeed, in view of the alternative denition of
F just realled, one an hoose a sequene {gn} in F suh that gnA ontains [1/n, 1− 1/n]
and thus F gnA ontains F[1/n,1−1/n]. Consider the ompat spae of means on F/FA, namely
nitely additive measures, endowed with the weak-* topology from the dual of ℓ∞(F/FA).
Any aumulation point µ of the sequene of Dira masses at g−1n FA will be invariant under
the union F ′ of the groups F[1/n,1−1/n]. Now F
′
is the kernel of the derivative homomorphism
F → 2Z × 2Z at the pair of points {0, 1}. In partiular, F ′ is o-amenable in F and thus
the F ′-invariane of µ implies that there is also a F -invariant mean on F/FA, whih is one
of the haraterisations of o-amenability [Eym72℄.
Let now X be any proper CAT(0) spae with an F -ation by isometries. We an assume
that F has no xed point at innity and therefore we an also assume that X is minimal
by Proposition 4.1 in [CM08℄. The above laim provides us with many pairs of ommuting
o-amenable subgroups upon taking disjoint sets of non-empty interior. Therefore, Corol-
lary 2.2 shows that X ∼= Rn for some n. In partiular the isometry group is linear. Sine F is
nitely generated (by g0 and g1 in the above presentation, ompare also [CFP96℄), Malev's
theorem [Mal40℄ implies that the image of F is residually nite. The derived subgroup of F
(whih inidentally oinides with the group F ′ introdued above) being simple [CFP96℄, it
follows that it ats trivially. It remains only to observe that two ommuting isometries of
R
n
always have a ommon xed point in Rn, whih is a matter of linear algebra. 
The above reasoning an be adapted to yield similar results for branh groups and related
groups; we shall address these questions elsewhere.
2.B. Geometri density for subgroups of nite ovolume. The following geometri
density theorem generalises Borel's density (see Proposition 2.8 below) and ontains Theo-
rem 1.1 from the Introdution.
Theorem 2.4. Let G be a loally ompat group with a ontinuous isometri ation on a
proper CAT(0) spae X without Eulidean fator.
If G ats minimally and without global xed point in ∂X, then any losed subgroup with
nite invariant ovolume in G still has these properties.
Remark 2.5. For a related statement without the assumption on the Eulidean fator of
X or on xed points at innity, see Theorem 3.14 below.
Proof. Retain the notation of the theorem and let Γ < G be a losed subgroup of nite
invariant ovolume. In partiular, Γ is o-amenable and thus has no xed points at innity
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by Proposition 2.1. By Proposition 4.1 in [CM08℄, there is a minimal non-empty losed
onvex Γ-invariant subset Y ⊆ X and it remains to show Y = X. Choose a point x0 ∈ X
and dene f : X → R by
f(x) =
∫
G/Γ
(
d(x, gY )− d(x0, gY )
)
dg.
This integral onverges beause the integrand is bounded by d(x, x0). The funtion f is
ontinuous, onvex (by [BH99, II.2.5(1)℄) and quasi-invariant in the sense that it satises
(2.i) f(hx) = f(x)− f(hx0) ∀h ∈ G.
Sine G ats minimally and without xed point at innity, this implies that f is onstant
(see Setion 2 in [AB98℄; alternatively, when ∂X is nite-dimensional, it follows from The-
orem 1.10 in [CM08℄ sine (2.i) implies that f is invariant under the derived subgroup
G′).
In partiular, d(x, gY ) is ane for all g. It follows that for all x ∈ X the losed set
Yx =
{
z ∈ X : d(z, Y ) = d(x, Y )}
is onvex. We laim that it is parallel to Y in the sense that d(z, Y ) = d(y, Yx) for all z ∈ Yx
and all y ∈ Y . Indeed, on the one hand d(z, Y ) is onstant over z ∈ Yx by denition, and on
the other hand d(y, Yx) is onstant by minimality of Y sine d(·, Yx) is a onvex Γ-invariant
funtion. In partiular, Yx is Γ-equivariantly isometri to Y via nearest point projetion
(ompare [BH99, II.2.12℄) and eah Yx is Γ-minimal. At this point, Remarks 39 in [Mon06℄
show that there is an isometri Γ-invariant splitting
X ∼= Y × T.
It remains to show that the spae of omponents T is redued to a point. Let thus s, t ∈ T
and let m be their midpoint. Applying the above reasoning to the hoie of minimal set Y0
orresponding to Y ×{m}, we dedue again that the distane to Y0 is an ane funtion on
X. However, this funtion is preisely the distane funtion d(·,m) in T omposed with the
projetion X → T . Being non-negative and ane on [s, t], it vanishes on that segment and
hene s = t. 
Remark 2.6. When Γ is oompat in G, the proof an be shortened by integrating just
d(x, gY ) in the denition of f above.
Corollary 2.7. Let X be a proper CAT(0) spae without Eulidean fator suh that G =
Is(X) ats minimally without xed point at innity, and let Γ < G be a losed subgroup with
nite invariant ovolume. Then:
(i) Γ has trivial amenable radial.
(ii) The entraliser ZG(Γ) is trivial.
(iii) If Γ is nitely generated, then is has nite index in its normaliser NG(Γ) and the
latter is a nitely generated lattie in G.
Proof. (i) and (ii) follow by the same argument as in the proof of Theorem 1.10 in [CM08℄.
For (iii) we follow [Mar91, Lemma II.6.3℄. Sine Γ is losed and ountable, it is disrete
by Baire's ategory theorem and thus is a lattie in G. Sine it is nitely generated, its
automorphism group is ountable. By (ii), the normaliser NG(Γ) maps injetively to Aut(Γ)
and hene is ountable as well. Thus NG(Γ), being losed in G, is disrete by applying Baire
again. Sine it ontains the lattie Γ, it is itself a lattie and the index of Γ in NG(Γ) is
nite. Thus NG(Γ) is nitely generated. 
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As pointed out by P. de la Harpe, point(ii) implies in partiular that any lattie in G is
ICC (whih means by denition that all its non-trivial onjugay lasses are innite). As is
well known, this is the riterion ensuring that the type II1 von Neumann algebra assoiated
to the lattie is a fator [Tak02, V.7℄.
Finally, we indiate why Theorem 2.4 implies the lassial Borel density theorem of [Bor60℄.
It sues to justify the following:
Proposition 2.8. Let k by a loal eld (Arhimedean or not), G a semi-simple k-group
without k-anisotropi fators, X the symmetri spae or BruhatTits building assoiated to
G = G(k) and L < G any subgroup. If the L-ation on X is minimal without xed point at
innity, then L is Zariski-dense.
Proof. Let L¯ be the (k-points of the) Zariski losure of L. Then L¯ is semi-simple; this
follows e.g. from a very speial ase of Corollary 5.8 in [CM08℄, whih guarantees that the
radial of L¯ is trivial.
In the Arhimedean ase, we may appeal to KarpelevihMostow theorem (see [Kar53℄
or [Mos55℄): any semi-simple subgroup has a totally geodesi orbit in the symmetri spae.
So the only semi-simple subgroup ating minimally is G itself.
In the non-Arhimedean ase, we ould appeal to E. Landvogt funtoriality theorem [Lan00℄
whih would nish the proof. However, there is an alternative diret and elementary argu-
ment whih avoids appealing to lo. it. and goes as follows. First notie that, by the same
argument as in the proof of Theorem 7.4 in [CM08℄ point (iv), the k-rank of a semi-simple
subgroup ating minimally equals the k-rank of G (this holds in all ases, not only in the
non-Arhimedean one). Therefore, the inlusion of spherial buildings BL¯→ BG provided
by the group inlusion L¯→ G has the property that BL¯ is a top-dimensional sub-building
of BG. An elementary argument (see [KL06, Lemma 3.3℄) shows that the union Y of all
apartments of X bounded by a sphere in BL¯ is a losed onvex subset of X. Clearly Y is
L¯-invariant, hene Y = X by minimality. Therefore BL¯ = BG, whih nally implies that
L¯ = G. 
2.C. The limit set of subgroups of nite ovolume. Let X be a omplete CAT(0)
spae and G a group ating by isometries on X. Reall that the limit set ΛG of G is the
intersetion of the boundary ∂X with the losure of the orbit G.x0 in X = X ⊔ ∂X of any
x0 ∈ X, this set being independent of x0.
Proposition 2.9. Let G be a loally ompat group ating ontinuously by isometries on a
omplete CAT(0) spae X. If Γ < G is any losed subgroup with nite invariant ovolume,
then ΛΓ = ΛG.
Consider the following immediate orollary, whih in the speial ase of Hadamard man-
ifolds follows from the duality ondition, see 1.9.16 and 1.9.32 in [Ebe96℄.
Corollary 2.10. Let G be a loally ompat group with a ontinuous ation by isometries
on a proper CAT(0) spae. If the G-ation is oompat, then any lattie in G has full limit
set in ∂X. 
Proof of Proposition 2.9. We observe that for any non-empty open set U ⊆ G there is a
ompat set C ⊆ G suh that U−1ΓC = G. Indeed, (using an idea of Selberg, ompare
Lemma 1.4 in [Bor60℄), it sues to take C so large that
µ
(
ΓC) > µ(Γ\G)− µ(ΓU),
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where µ denotes an invariant measure on Γ\G; any right translate of ΓU in Γ\G will then
meet ΓC.
Now let ξ ∈ ΛG and x0 ∈ X. For any neighbourhood V of ξ in ∂X, we shall onstrut an
element in ΛΓ ∩ V . Let U ⊆ G be a ompat neighbourhood of the identity in G suh that
Uξ ⊆ V and let {gn} be a sequene of elements of G with gnx0 onverging to ξ (one uses
nets if X is not separable). In view of the above observation, there are sequenes {un} in
U and {cn} in C suh that ungnc−1n ∈ Γ. The points gnc−1n x0 remain at bounded distane
of gnx0 as n→∞, and thus onverge to ξ. Therefore, hoosing an aumulation point u of
{un} in U , we see that uξ is an aumulation point of {ungnc−1n x0}, whih is a sequene in
Γx0. 
For future use, we observe a variant of the above reasoning yielding a more preise fat
in a simpler situation:
Lemma 2.11. Let G be a loally ompat group with a ontinuous oompat ation by
isometries on a proper CAT(0) spae X. Let Γ < G be a lattie and c : R+ → X a geodesi
ray suh that G xes c(∞). Then there is a sequene {γi} in Γ suh that γic(i) remains
bounded over i ∈ N.
Proof. For the same reason as above, there is a ompat set U ⊆ G suh that G = UΓU−1.
Choose now {gi} suh that gic(i) remains bounded and write gi = uiγiv−1i with ui, vi ∈ U .
We have
d(γic(i), c(0)) = d(givic(i), uic(0)) ≤ d(givic(i), gic(i)) + d(gic(i), uic(0))
≤ d(vic(i), c(i)) + d(gic(i), c(0)) + d(uic(0), c(0)).
This is bounded independently of i beause d(vic(i), c(i)) ≤ d(vic(0), c(0)) sine c(∞) is
G-xed. 
We shall also need the following:
Lemma 2.12. A loally ompat group ontaining a nitely generated subgroup whose lo-
sure has nite ovolume is ompatly generated.
Proof. Denoting the losure of the given nitely generated subgroup by Γ, we an write
G = UΓC as in the proof of Proposition 2.9 with both U and C ompat. Sine Γ is
a loally ompat group ontaining a nitely generated dense subgroup, it is ompatly
generated and the onlusion follows. 
3. CAT(0) latties, I: the Eulidean fator
3.A. Preliminaries on latties. We begin this setion with a few well known basi fats
about general latties.
Proposition 3.1. Let G be a loally ompat seond ountable group and N ✁G be a losed
normal subgroup.
(i) Given a losed oompat subgroup Γ < G, the projetion of Γ on G/N is losed if
and only if Γ ∩N is oompat in N .
(ii) Given a lattie Γ < G, the projetion of Γ on G/N is disrete if and only if Γ ∩N
is a lattie in N .
Proof. See Theorem 1.13 in [Rag72℄. 
The seond well known result is straightforward to establish:
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Lemma 3.2. Let G = H × D be a loally ompat group. Given a lattie Γ < G and a
ompat open subgroup Q < D, the subgroup ΓQ := Γ∩ (H×Q) is a lattie in H×Q, whih
is ommensurated by Γ.
If moreover G/Γ is ompat, then so is (H ×Q)/ΓQ. 
(As we shall see in Lemma 5.15 below, there is a form of onverse.)
Let X be a proper CAT(0) spae and G = Is(X) be its isometry group. Given a disrete
group Γ ating properly and oompatly on X, then the quotient G\X is ompat and the
image of Γ in G is a oompat lattie (note that the kernel of the map Γ→ Is(X) is nite).
Conversely, if the quotient G\X is ompat, then any oompat lattie of G is a disrete
group ating properly and oompatly on X.
Lemma 3.3. In the above setting, G is ompatly generated and Γ is nitely generated.
Proof. For lak of nding a lassial referene, we refer to Lemma 22 in [MMS04℄). 
3.B. Variations on Auslander's theorem.
Lemma 3.4. Let A = Rn⋊O(n) and S be a semi-simple Lie group without ompat fator.
Any lattie Γ in G = A × S has a nite index subgroup Γ0 whih splits as a diret produt
Γ0 ∼= ΓA × Γ′, where ΓA = Γ ∩ (A× 1) is a lattie in (A× 1).
Proof. Let V = Rn denote the translation subgroup of A and U denote the losure of
the projetion of Γ to S. The subgroup U < S is losed of nite ovolume; therefore it is
either disrete or it ontains a semi-simple subgroup of positive dimension by Borel's density
theorem (in fat one ould be more preise using the Main Result of [Pra77℄, but this is
not neessary for the present purposes). On the other hand, Auslander's theorem [Rag72,
Theorem 8.24℄ ensures that the identity omponent of the projetion of Γ in S × A/V is
soluble, from whih it follows that U has a onneted soluble normal subgroup. Thus U is
disrete. Therefore, by Proposition 3.1, the group ΓA = Γ ∩ (A× 1) is a lattie in (A× 1).
In partiular ΓA is virtually Abelian [Thu97, Corollary 4.1.13℄.
Sine the projetion of Γ to S is a lattie in S, it is nitely generated [Rag72, 6.18℄.
Therefore Γ possesses a nitely generated subgroup Λ ontaining ΓA and whose projetion
to S oinides with the projetion of Γ. Notie that Λ is a lattie in S × A by [Sim96,
Theorem 23.9.3℄; therefore Λ has nite index in Γ, whih shows that Γ is nitely generated.
Sine ΓA is normal in Γ, the projetion Γ
A
of Γ to A normalises the lattie ΓA and is thus
virtually Abelian. Hene ΓA is a nitely generated virtually Abelian group whih normalises
ΓA. Therefore Γ
A
has a nite index subgroup whih splits as a diret produt of the form
ΓA×C, and the preimage Γ′ of C in Γ is a normal subgroup whih intersets ΓA trivially. In
partiular the group Γ′ ·ΓA ∼= Γ′×ΓA is a nite index normal subgroup of Γ, as desired. 
Lemma 3.5. Let Γ be a group ontaining a subgroup of the form Γ0 ∼= Γ0S×Γ0A, where Γ0S is
isomorphi to a lattie in a semi-simple Lie group with trivial entre and no ompat fator,
and Γ0A is amenable. If Γ ommensurates Γ
0
, then Γ ommensurates both Γ0S and Γ
0
A.
Proof. Let Γ1 ∼= Γ1S×Γ1A be a onjugate of Γ0 in Γ. The projetion of Γ0∩Γ1 to Γ0S is a nite
index subgroup of Γ0S . By Borel density theorem, it must therefore have trivial amenable
radial. In partiular the projetion of Γ0 ∩ Γ1A to Γ0S is trivial. Therefore the image of
the projetion of Γ0 ∩ Γ1S (resp. Γ0 ∩ Γ1A) to Γ0S (resp. Γ0A) is of nite index. The desired
assertion follows. 
Proposition 3.6. Let A = Rn⋊O(n), S be a semi-simple Lie group with trivial entre and
no ompat fator, D be a totally disonneted loally ompat group and G = S × A ×D.
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Then any nitely generated lattie Γ < G has a nite index subgroup Γ0 whih splits as a
diret produt Γ0 ∼= ΓA × Γ′, where ΓA ⊆ Γ ∩ (1 × A ×D) is a nitely generated virtually
Abelian subgroup whose projetion to A is a lattie.
Proof. Let Q < D be a ompat open subgroup. By Lemma 3.2, the intersetion Γ0 =
Γ ∩ (S × A × Q) is a lattie in S × A × Q, whih is ommensurated by Γ. Sine Q is
ompat, the projetion of Γ0 to S × A is a lattie, to whih we may apply Lemma 3.4.
Upon replaing Γ0 by a nite index subgroup (whih amounts to replaing Q by an open
subgroup), this yields two normal subgroups Γ0S ,Γ
0
A < Γ
0
and a deomposition Γ0 = Γ0S ·Γ0A,
where Γ0S ∩ Γ0A ⊆ Q and Γ0A = Γ0 ∩ (1 × A × Q) is a nitely generated virtually Abelian
group whose projetion to A is a lattie.
By virtue of Lemma 3.5, we dedue that the image of the projetion of Γ to A om-
mensurates a lattie in A. But the ommensurator of any lattie in A is virtually Abelian.
Therefore, upon replaing Γ by a nite index subgroup, it follows that the projetion of Γ
to A normalises the projetion of Γ0A. We now dene
ΓA =
⋂
γ∈Γ
γΓ0Aγ
−1.
Then the projetion of ΓA oinides with the projetion of Γ
0
A sine A is Abelian; in parti-
ular it is still a lattie. Furthermore, the subgroup ΓA is normal in Γ. We now proeed as
in the proof of Lemma 3.4. Sine the projetion of Γ to A is nitely generated and virtually
Abelian, we may thus nd in this group a virtual omplement to the image of the projetion
of ΓA. Let Γ
′
be the preimage of this omplement in Γ. Then, upon replaing Γ by a nite
index subgroup, the group Γ′ is normal in Γ and Γ = ΓA ·Γ′. Sine ΓA is normal as well, the
ommutator [ΓA,Γ
′] is ontained in the intersetion ΓA∩Γ′, whih is trivial by onstrution.
This nally shows that Γ ∼= ΓA × Γ′, as desired. 
Remark 3.7. In the setting of Proposition 3.6, assume that any ompat subgroup of D
normalised by Γ is trivial. Then ΓA ⊆ 1×A×1 and the projetion of Γ to S×D is disrete.
Indeed, the denition of ΓA given in the proof shows that it is ontained in 1×A× γQγ−1
for all γ ∈ Γ and under the urrent assumptions the intersetion ⋂ γQγ−1 is trivial. The
laim about the projetion to S ×D follows from Proposition 3.1.
3.C. Latties, the Eulidean fator and xed points at innity. Given a proper
CAT(0) spae X and a disrete group Γ ating properly and oompatly, it is a well known
open question, going bak to M. Gromov [Gro93,  6.B3℄, to determine whether the presene
of an n-dimensional at in X implies the existene of a free Abelian group of rank n in Γ.
(In the manifold ase, see problem 65 on Yau's list [Yau82℄.) Here we propose the following
theorem; the speial ase where X/Γ is a ompat Riemannian manifold is the main result
of Eberlein's artile [Ebe83℄ (ompare also the earlier Theorem 5.2 in [Ebe80℄).
Theorem 3.8. Let X be a proper CAT(0) spae suh that G = Is(X) ats oompatly.
Suppose that X ∼= Rn ×X ′.
(i) Any nitely generated lattie Γ < G has a nite index subgroup Γ0 whih splits as
a diret produt Γ0 ∼= Zn × Γ′.
(ii) If moreover X is G-minimal ( e.g. if X is geodesially omplete), then Zn ats
trivially on X ′ and as a lattie on Rn; the projetion of Γ to Is(X ′) is disrete.
We reall that oompat latties are automatially nitely generated in the above set-
ting, Lemma 3.3. The following example shows that, without the assumption that G ats
minimally, the projetion of Γ to Is(X ′) should not be expeted to have disrete image:
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Example 3.9. Let X be the losed submanifold of R3 dened by X = {(x, y, z) ∈ R3 | 1 ≤
z ≤ 2} and onsider the following Riemannian metri on X:
ds2 = dx2 + z2dy2 + dz2.
One readily veries that it is non-positively urved; thus X is a CAT(0) manifold. Clearly X
splits o a one-dimensional Eulidean fator along the x-axis. Moreover the group H ∼= R2
of all translations along the xy-plane preserves X and ats oompatly. Let Γ be the
subgroup of H generated by a and b, where
a : (x, y, z) 7→ (x, y, z) + (
√
2, 1, 0) and b : (x, y, z) 7→ (x, y, z) + (1,
√
2, 0).
Then Γ ∼= Z2 is a oompat lattie in Is(X), but no non-trivial subgroup of Γ ats trivially
on the yz-fator of X. The projetion of Γ to the isometry group of that fator is not
disrete (see Proposition 3.1(ii)).
The above result is the onverse to the Flat Torus Theorem when it is stated as in [BH99,
II.7.1℄. In partiular we dedue that the dimension of the Eulidean de Rham fator is an
invariant of Γ. In the manifold ase, again, this is the main point of [Ebe83℄.
Corollary 3.10. Let X be a proper CAT(0) spae suh that G = Is(X) ats oompatly
and minimally. Let Γ < G be a nitely generated lattie.
Then the dimension of the Eulidean fator of X equals the maximal rank of a free Abelian
normal subgroup of Γ.
In order to apply Theorem 1.6 in [CM08℄ and Addendum 1.8 in [CM08℄ towards The-
orem 3.8, we will need the following.
Theorem 3.11. Let X be a proper CAT(0) spae suh that G = Is(X) ats oompatly and
ontains a nitely generated lattie. Then X ontains a anonial losed onvex G-invariant
G-minimal subset X ′ 6= ∅ whih has no Is(X ′)-xed point at innity.
Consider the immediate orollary.
Corollary 3.12. Let X be a proper CAT(0) spae suh that G = Is(X) ats oompatly
and minimally. If G ontains a nitely generated lattie, then G has no xed point at
innity. 
This shows that the mere existene of a nitely generated lattie imposes restritions
on oompat CAT(0) spaes; muh more detailed results in that spirit will be given in
Setion 6.
We do not know whether the statement of Corollary 3.12 remains true without the nite
generation assumption on the lattie (see Problem 7.3 below).
Example 3.13. We emphasise that the full isometry group of a oompat proper CAT(0)
spae may have global xed points at innity; in fat, the spae might even be homogeneous,
as it is the ase for E. Heintze's manifolds [Hei74℄ mentioned earlier. An even simpler way
to onstrut oompat proper CAT(0) spae with this property is to mimi Example 7.6
in [CM08℄: Start from a regular tree T , assuming for deniteness that the valeny is three.
Replae every vertex by a ongruent opy of an isoseles triangle that is not equilateral, in
suh a way that its distinguished vertex always points to a xed point at innity (of the
initial tree). Then the stabiliser H in Is(T ) of that point at innity still ats faithfully and
oompatly on the modied spae T ′; the onstrution is so that the isometry group of T ′
is in fat redued to H.
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We shall also establish a strengthening of Corollary 3.12, whih an be viewed as a form
of Borel (or geometri) density theorem without assumption about xed points at innity.
Theorem 3.14. Let X be a proper CAT(0) spae suh that G = Is(X) ats oompatly and
minimally. Assume there is a nitely generated lattie Γ < G. Then Γ ats minimally on
X and moreover all Γ-xed points at innity are ontained in the boundary of the (possibly
trivial) Eulidean fator of X.
We now turn to the proofs. In the ase of a disrete oompat group Γ = G, a version
of the following was rst established by BurgerShroeder [BS87℄ (as pointed out in [AB98,
Corollary 2.7℄).
Proposition 3.15. Let X be a proper CAT(0) spae, G < Is(X) a losed subgroup whose
ation on X is oompat and Γ < G a nitely generated lattie. Then there exists a Γ-
invariant losed onvex subset Y ⊆ X whih splits Γ-equivariantly as Y = E ×W , where E
is a (possibly 0-dimensional) Eulidean spae on whih Γ ats by translations and suh that
∂E ontains the xed point set of G in ∂X.
Proof. We an assume that there are G-xed points at innity, sine otherwise there is
nothing to prove. We laim that for any G-xed point ξ there is a geodesi line σ : R→ X
with σ(+∞) = ξ suh that any γ ∈ Γ moves σ to within a bounded distane of itself  and
hene to a parallel line by onvexity of the metri.
Indeed, let c : R+ → X be a geodesi ray with c(∞) = ξ and let {γi} be as in Lemma 2.11.
Then, by ArzelàAsoli, there is a subsequene I ⊆ N and a geodesi line σ : R→ X suh
that σ(t) = limi∈I γi c(t + i) for all t. Sine eah g ∈ G has bounded displaement along
c, the sequene {γigγ−1i }i∈I is bounded and thus we an assume that it onverges for all g
(realling that G is seond ountable, but we shall only onsider g ∈ Γ anyway). Sine Γ is
disrete and nitely generated, we an further restrit I so that there is γ∞ ∈ Γ suh that
γiγγ
−1
i = γ∞γγ
−1
∞ ∀ γ ∈ Γ, i ∈ I.
Sine
d(γγ−1∞ σ(t), γ
−1
∞ σ(t)) = lim
i∈I
d(γ−1i γ∞γγ
−1
∞ γic(t+ i), c(t + i))
= lim
i∈I
d(γc(t+ i), c(t + i)) ≤ d(γc(0), c(0)),
It now follows that every γ ∈ Γ has bounded displaement length along the geodesi γ−1∞ σ.
Thus the same holds for the geodesi σ whih is therefore (by onvexity) translated to a
parallel line by eah element of Γ as laimed.
Consider a at E ⊆ X that is maximal for the property that eah element of Γ has
onstant displaement length on E. Let Y be the union of all ats that are at nite distane
from E. One shows that Y splits as Y ∼= E ×W for some losed onvex W ⊆ X using
the Sandwih Lemma [BH99, II.2.12℄ and Lemma II.2.15 of [BH99℄ just like in Setion 3.B
in [CM08℄. The denition of Y shows that Γ preserves Y as well as its splitting and ats
on the E oordinate by translations.
It remains to show that any G-xed point ξ ∈ ∂X belongs to ∂E. First, ξ ∈ ∂Y sine
∂Y = ∂X by Corollary 2.10; we thus represent ξ by a ray c : R+ → Y . Let now σ be
a geodesi line as provided by the laim. We an assume that σ lies in Y beause it was
onstruted from Γ-translates of c and Y is Γ-invariant. One an write σ = (σE , σW ) where
σE, σW are linearly re-parametrised geodesis in E and W , see [BH99, I.5.3℄. We need to
prove that σW has zero speed. Sine any given γ ∈ Γ has onstant displaement along σ and
on eah of the parallel opies of E individually, its displaement is onstant on the union of
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all parallel opies of E visited by σ, whih is E× σW (R). The latter being again a at, the
maximality of E shows that σW is onstant. 
Proof of Theorem 3.11. Let Y = E × W ⊆ X be as in Proposition 3.15. Reall that
∂Y = ∂X by Corollary 2.10. We laim that ∂X has irumradius > π/2. Indeed, it would
otherwise have a G-xed irumentre by Proposition 3.1 in [CM08℄, but this irumentre
annot belong to ∂E sine E is Eulidean; this ontradits Proposition 3.15. We now apply
Corollary 3.10 in [CM08℄. This yields a anonial G-invariant losed onvex subset X ′,
whih is minimal with respet to the property that ∂X ′ = ∂X. It follows in partiular
by Corollary 2.10 that Γ ats minimally on X ′. Let now X ′ = E′ × X ′0 be the anonial
splitting, where E′ is the maximal Eulidean fator [BH99, II.6.15℄. On the one hand,
sine X ′ is Γ-minimal, Proposition 3.15 applied to X ′ shows that G has no xed points in
∂X ′0 sine E
′
is maximal as a Eulidean fator. On the other hand, Is(E′) xes no point
at innity on E′. We dedue that Is(X ′) ∼= Is(E′) × Is(X ′0) has indeed no xed point at
innity. 
End of proof of Theorem 3.14. Arguing as in the proof of Theorem 3.11, we establish that
X is Γ-minimal. Let X = X ′ × E be the anonial splitting, where E is the maximal
Eulidean fator. Sine any isometry of X deomposes uniquely as isometries of E and X ′
(II.6.15 in [BH99℄), is sues to show that Γ has no xed point in ∂X ′. This follows from
Proposition 2.1 applied to the G-ation on X ′. 
End of proof of Theorem 3.8. Assume rst that X is G-minimal, realling that this is the
ase if X is geodesially omplete by Lemma 3.13 in [CM08℄. In view of Corollary 3.12, we
an apply Theorem 1.6 in [CM08℄ and we are therefore in the setting of Proposition 3.6.
Sine the group ΓA provided by that proposition ontains a nite index subgroup isomorphi
to Z
n
, we have already established (i) under the additional minimality assumption.
In order to show (ii), it sues by Remark 3.7 to prove that any ompat subgroup of G
normalised by Γ is trivial. This follows from the fat that X is Γ-minimal, as established in
Theorem 3.14.
It remains to prove (i) without the assumption that X is G-minimal. Let Y ⊆ X be
the G-minimal set provided by Theorem 3.11 and let Y ∼= Rm × Y ′ be its Eulidean
deomposition. Then m ≥ n beause of the haraterisation of the Eulidean fator in
terms of Cliord isometries [BH99, II.6.15℄; indeed, any (non-trivial) Cliord isometry of
X restrits non-trivially to Y beause Y has nite o-diameter. The kernel F ✁ Γ of the
Γ-ation on Y is nite and thus we an assume that it is entral upon replaing Γ with a
nite index subgroup. Passing to a further nite index subgroup, we know from the minimal
ase that Γ/F splits as Γ/F = Zm × Λ′. Let ΓZm ,Γ′ ✁ Γ be the pre-images in Γ of those
fators. Thus we an write Γ = ΓZm · Γ′ with ΓZm ∩ Γ′ ⊆ F . It is straightforward that a
nite entral extension of Z
m
is virtually Z
m
(see e.g. [BH99, II.7.9℄). Therefore Γ ontains
a nite index subgroup isomorphi to Z
m × Γ′ and the result follows sine m ≥ n. 
Proof of Corollary 3.10. Notie that a splitting Γ0 ∼= Zn×Γ′ with Γ0 normal and n maximal
provides a normal subgroup Z
n
✁ Γ sine Zn is harateristi in Γ0. Therefore, given
Theorem 3.8, it only remains to see that a normal Z
n
✁ Γ of maximal rank fores X to
have a Eulidean fator of dimension at least n. Otherwise, the projetion of Γ to the non-
Eulidean fator X ′ would be a lattie by Theorem 3.8(ii) and ontain an innite normal
amenable subgroup, ontraditing Corollary 2.7(i). 
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Finally, we reord that Theorem 1.3 is ontained in Theorem 3.8 and Corollary 3.10
for (i), and Corollary 3.12 and Theorem 3.14 for (ii).
4. CAT(0) latties, II: produts
4.A. Irreduible latties in CAT(0) spaes. Reall from that a (topologial) group
is alled irreduible if no (open) nite index subgroup splits non-trivially as a diret
produt of (losed) subgroups. For example, any loally ompat group ating ontinuously,
properly, minimally, without xed point at innity on an irreduible proper CAT(0) spae
is irreduible by Theorem 1.10 in [CM08℄.
In partiular, an abstrat group Γ is irreduible if it does not virtually split. This ter-
minology is inspired by the onept of irreduibility for losed manifolds, whih means that
no nite over of the manifold splits non-trivially. Of ourse, the universal over of suh a
manifold an still split. Indeed, one gets many lassial CAT(0) groups by onsidering irre-
duible latties in produts of simple Lie groups or more generally of semi-simple algebrai
groups over various loal elds.
The latter onept of irreduibility for latties is dened as follows: A lattie Γ < G =
G1× · · · ×Gn in a produt of loally ompat groups is alled an irreduible lattie if its
projetions to any subprodut of the Gi's are dense and eah Gi is non-disrete.
The point of this notion (and of the nearly onfusing terminology) is that it prevents
Γ and its nite index subgroups from splitting as a produt of latties in Gi. Moreover,
if all Gi's are entre-free simple Lie (or algebrai) groups without ompat fators, the
irreduibility of Γ as a lattie is equivalent to its irreduibility as a group in and for itself;
this is a result of Margulis [Mar91, II.6.7℄. As we shall see in Theorem 4.2 below, a version
of this equivalene holds for latties in the isometry group of a CAT(0) spae.
Remark 4.1.
(i) The non-disreteness of Gi is often omitted from this denition; the dierene is
inessential sine the notion of a lattie is trivial for disrete groups. Notie however
that our denition ensures that all Gi are non-ompat and that n ≥ 2.
(ii) One veries that any lattie Γ < G = G1 × G2 is an irreduible lattie in the
produt G∗ < G of the losures G∗i < Gi of its projetions to Gi (provided these
projetions are non-disrete).
The following geometri version of Margulis' riterion ontains Theorem 1.4 from the
Introdution.
Theorem 4.2. Let X be a proper CAT(0) spae, G < Is(X) a losed subgroup ating
oompatly on X, and Γ < G a nitely generated lattie.
(i) If Γ is irreduible as an abstrat group, then for any nite index subgroup Γ0 < Γ
and any Γ0-equivariant splitting X = X1 × X2 with X1 and X2 non-ompat, the
projetion of Γ0 to both Is(Xi) is non-disrete.
(ii) If in addition the G-ation is minimal, then the onverse statement holds as well.
Remark 4.3. Reall that the G-minimality is automati if X is geodesially omplete
(Lemma 3.13 in [CM08℄). Statement (ii) fails ompletely without minimality (as witnessed
for instane by the unosmopolitan mien of an equivariant mane).
Proof of Theorem 4.2. Suppose Γ irreduible. Let X ′ ⊆ X be the anonial subspae pro-
vided by Theorem 3.11. By Theorem 3.8, the spae X ′ has no Eulidean fator unless
X = R and Γ is virtually yli, in whih ase the desired statement is empty.
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We rst deal with the ase when G ats minimally on X; by Theorem 2.4 this amounts
to assume X = X ′. Suppose for a ontradition that for Γ0 and X
′ = X ′1 × X ′2 as in
the statement, the projetion G1 of Γ0 to Is(X
′
1) is disrete. Let G2 be the losure of the
projetion of Γ0 to Is(X
′
2) and notie that both Gi are ompatly generated sine Γ and
hene also Γ0 is nitely generated. The projetion Γ2 of Γ0 ∩ (1 × G2) to G2 is a lattie
(by Lemma 3.2 or by Proposition 3.1); being normal, it is oompat and hene nitely
generated. By Theorem 3.14, the group Γ0, and hene also G2, ats minimally and without
xed point at innity onX ′2. Therefore Corollary 2.7(ii) implies that the entraliser ZG2(Γ2)
is trivial. But Γ2 is disrete, normal in G2, and nitely generated. Hene ZG2(Γ2) is open
and thus G2 is disrete. Therefore, the produt G1 ×G2, whih ontains Γ0, is a lattie in
Is(X ′1)× Is(X ′2) and thus in G. Now the index of Γ0 in G1 ×G2 is nite and thus Γ0 splits
virtually, a ontradition.
We now ome bak to the general ase X ′ ⊆ X and suppose that X possesses a Γ0-
equivariant splitting X = X1 ×X2. The group H = Is(X1) × Is(X2) < Is(X) ontains Γ0;
hene its ation on X ′ is minimal without xed point at innity by Corollary 3.12. There-
fore, the splitting theorem [Mon06, Theorem 9℄ implies that X ′ possesses a Γ0-equivariant
splitting X ′ = X ′1×X ′2 indued by X = X1×X2 via H. Upon replaing Γ0 be a nite index
subgroup, the preeding paragraph thus yields a splitting Γ0/F ∼= G1 ×G2 of the image of
Γ0 in Is(X
′), where F denotes the kernel of the Γ0-ation on X
′
. Sine F is nite, so is the
projetion to Is(X3−i) of the preimage Ĝi of Gi in Γ, for i = 1, 2. Therefore upon passing to
a nite index subgroup we may and shall assume that Ĝi ats trivially on Is(X3−i). Now the
subgroup of Is(X1)×Is(X2) generated by Ĝ1 and Ĝ2 splits as Ĝ1×Ĝ2 and is ommensurable
to Γ0, a ontradition.
Conversely, suppose now that the G-ation is minimal and that Γ = Γ′ × Γ′′ splits non-
trivially (after possibly having replaed it by a nite index subgroup). If X = Rn, then
reduibility of Γ fores n ≥ 2 and we are done in view of the struture of Bieberbah groups.
If X is not Eulidean but has a Eulidean fator, then Theorem 3.8(ii) provides a disrete
projetion of Γ to the non-Eulidean fator Is(X ′); furthermore, X ′ is indeed non-ompat
as desired sine otherwise by minimality it is redued to a point, ontrary to our assumption.
If on the other hand X has no Eulidean fator, then Γ ats minimally and without xed
point at innity by Theorem 3.11. Then the desired splitting is provided by the splitting
theorem [Mon06, Theorem 9℄. Both projetions of Γ are disrete, indeed isomorphi to Γ′
respetively Γ′′ beause the ited splitting theorem ensures omponentwise ation of Γ. 
We now briey turn to uniquely geodesi spaes and to the analogues in this setting of
some of P. Eberlein's results for Hadamard manifolds.
Theorem 4.4. Let X be a proper CAT(0) spae with uniquely extensible geodesis suh that
Is(X) ats oompatly on X.
If Is(X) admits a nitely generated non-uniform irreduible lattie, then X is a symmetri
spae (without Eulidean fator).
Proof. The ation of Is(X) is minimal by Lemma 3.13 in [CM08℄ and without xed point at
innity by Corollary 3.12. Thus we an apply Theorem 1.6 in [CM08℄ and Addendum 1.8
in [CM08℄. Notie that Is(X) itself is non-disrete sine it ontains a non-uniform lattie;
moreover, if it admits more than one fator in the deomposition of Theorem 1.6 in [CM08℄,
then the latter are all non-disrete by Theorem 4.2. Therefore, we an apply Theorem 7.10
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in [CM08℄ to all fators of X. It remains only to justify that X has no Eulidean fa-
tor; otherwise, Auslander's theorem (ompare also Theorem 3.8) implies X = R, whih is
inompatible with the fat that Γ is non-uniform. 
The following related result is due to P. Eberlein in the manifold ase (Proposition 4.5
in [Ebe82℄). We shall establish another result of the same vein later without assuming that
geodesis are uniquely extensible (see Theorem 6.6).
Theorem 4.5. Let X be a proper CAT(0) spae with uniquely extensible geodesis and
Γ < Is(X) be a disrete oompat group of isometries. If Γ is irreduible (as an abstrat
group) and X is reduible, then X is a symmetri spae (without Eulidean fator).
Proof. One follows line-by-line the proof of Theorem 4.4. The only dierene is that, in the
present ontext, the non-disreteness of the isometry group of eah irreduible fator of X
follows from Theorem 4.2 sine X is assumed reduible. 
We an now onlude the proof of Theorem 1.10 from the Introdution. The rst state-
ment was established in Theorem 7.10 in [CM08℄. The seond follows from Theorem 4.4 and
the third from Theorem 4.5 in the uniform ase, and from Theorem 4.4 in the non-uniform
one. 
4.B. The hull of a lattie. Let X be a proper CAT(0) spae X suh that Is(X) ats
oompatly on X. Let Γ < Is(X) be a nitely generated lattie; note that the ondition
of nite generation is redundant if Γ is oompat by Lemma 3.3. Theorem 3.11 provides
a anonial Is(X)-invariant subspae X ′ ⊆ X suh that G = Is(X ′) has no xed point at
innity.
In this setion we shall dene the hull HΓ of the lattie Γ; this is a loally ompat group
HΓ < Is(X
′) anonially attahed to the situation and ontaining the image of Γ in Is(X ′).
For simpliity, we rst treat the speial ase where Is(X) ats minimally; thus X ′ = X
and G = Is(X). Applying Theorem 1.6 in [CM08℄ and Addendum 1.8 in [CM08℄, we see
in partiular that Γ possesses a anonial nite index normal subgroup Γ∗ = Γ ∩G∗ whih
is the kernel of the Γ-ation by permutation on the set of fators in the deomposition given
by Addendum 1.8 in [CM08℄.
In the lassial ase when X is a symmetri spae, the losure of the projetion of Γ to
the isometry group Is(Xi) of eah fator is an open subgroup of nite index, as soon as X
is reduible. This is no longer true in general, even in the ase of Eulidean buildings. In
fat, the same Γ may (and generally does) our as lattie in inreasingly large ambient
groups Γ < G < G′ < G′′ < · · · . In order to address this issue, we dene the hull as follows.
Consider the losed subgroup HΓ∗ < G whih is the diret produt of the losure of the
images of Γ∗ in eah of the fators in the deomposition of Theorem 1.6 in [CM08℄. Then
set HΓ = Γ ·HΓ∗. In other words, we have inlusions
Γ < HΓ < G.
The losed subgroup HΓ∗ is nothing but the hull of the lattie Γ
∗
. It oinides with
H∗Γ = HΓ ∩G∗. In partiular H∗Γ = HΓ∗ is a diret produt of irreduible groups satisfying
all the restritions of Theorem 1.10 in [CM08℄ (exept for the possible Eulidean motion
fator), and the image of Γ∗ in eah of these fators is dense.
Remark 4.6. Notie that Γ is always a lattie in HΓ (by [Rag72, Lemma 1.6℄). We
emphasise that HΓ is non-disrete and that Γ
∗
is an irreduible lattie in HΓ∗ (in the
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sense of  4.A) as soon as Γ is irreduible as a group and X is reduible; this follows from
Theorem 4.2.
We now dene the hull HΓ < G in the general situation G = Is(X
′) with X ′ ⊆ X given
by Theorem 3.11. Sine Is(X)\X is oompat, it follows that X ′ is r-dense in X for some
r > 0 and the anonial map Is(X) → G is proper. Let FΓ ✁ Γ be the nite kernel of the
indued map Γ → G and write Γ′ := Γ/FΓ. Then the hull of Γ is dened by HΓ := HΓ′
(reduing to the above ase).
In other words, Γ sits in HΓ only modulo the anonial nite kernel FΓ. In fat, FΓ is
even anonially attahed to Γ viewed as an abstrat group.
Lemma 4.7. FΓ is a (neessarily unique) maximal nite normal subgroup of Γ. Moreover,
X ′ is Γ′-minimal.
Proof. The Γ′-ation on X ′ is minimal by an appliation of Theorem 3.14 and therefore
every nite normal subgroup of Γ′ is trivial. Sine moreover the Γ-ation on X ′ is proper,
it follows that a normal subgroup of Γ is nite if and only if it lies in FΓ. 
For later referenes, we reord the following expeted fat.
Lemma 4.8. Assume that Γ is irreduible. If X ′ is reduible, then HΓ ontains the identity
omponent of G := Is(X ′). In fat (HΓ)
◦ = G◦ is a semi-simple Lie group with trivial entre
and no ompat fator.
Proof. By Theorem 3.8, the hypotheses on Γ imply that X ′ has no Eulidean fator. Thus
eah almost onneted fator of G∗ is a simple Lie group with trivial entre and no ompat
fator. The projetion of Γ∗ to eah of these fators is non-disrete by Theorem 4.2 and the
assumption made on X ′. Its losure is semi-simple and Zariski dense by Theorem 2.4 and
Proposition 2.8. The result follows. 
4.C. On the anonial disrete kernel. Let G = G1 × G2 be a loally ompat group
and Γ < G be an irreduible lattie. It follows from irreduibility that the projetion to Gi
of the kernel of the projetion Γ → Gj 6=i is a normal subgroup of Gi. In other words, we
have a anonial disrete normal subgroup Γi ✁Gi dened by
Γ1 = ProjG1
(
Γ ∩ (G1 × 1)
)
(and likewise for Γ2) whih we all the anonial disrete kernel of Gi (depending on Γ).
We observe that the image
Γ = Γ/(Γ1 · Γ2)
of Γ in the anonial quotient G1/Γ1 ×G2/Γ2 is still an irreduible lattie (see Proposi-
tion 3.1(ii)) and has the additional property that it projets injetively into both fators.
In this subsetion, we ollet some basi fats on latties in (produts of) totally dison-
neted loally ompat groups, adapting ideas of M. Burger and Sh. Mozes (see Proposi-
tions 2.1 and 2.2 in [BM00b℄).
Proposition 4.9. Let Γ < G = G1×G2 be an irreduible lattie. Assume that G2 is totally
disonneted, ompatly generated and without non-trivial ompat normal subgroup. If Γ
is residually nite, then anonial the disrete kernel Γ2 = Γ ∩ (1×G2) ommutes with the
disrete residual G
(∞)
2 .
Reall that the disrete residual G(∞) of a topologial group G is by denition the
intersetion of all open normal subgroups. It is important to remark that, by Corollary 6.13
in [CM08℄ the disrete residual of a non-disrete ompatly generated loally ompat group
without non-trivial ompat normal subgroup is neessarily non-trivial.
22 PIERRE-EMMANUEL CAPRACE AND NICOLAS MONOD
Proof of Proposition 4.9. By a slight abuse of notation, we shall identify G2 with the sub-
group 1×G2 of G. Given a nite index normal subgroup Γ0✁Γ, the intersetion Γ0 ∩Γ2 is
a disrete normal subgroup of G2 (by irreduibility), ontained as a nite index subgroup
in Γ2. Thus G2 ats by onjugation on the nite quotient Γ2/Γ0 ∩ Γ2. In partiular the
kernel of this ation is a nite index losed normal subgroup, whih is thus open. Therefore,
the disrete residual G
(∞)
2 ats trivially on Γ2/Γ0 ∩ Γ2. In other words, this means that
[Γ2, G
(∞)
2 ] ⊆ Γ0 ∩ Γ2.
Assume now that Γ is residually nite. The preeding argument then shows that the
ommutator [Γ2, G
(∞)
2 ] is trivial, as desired. 
Proposition 4.10. Let Γ < G = G1 ×G2 be a oompat lattie in a produt of ompatly
generated loally ompat groups. Assume that G2 is totally disonneted and that the en-
traliser in G1 of any oompat lattie of G1 is trivial. If the disrete kernel Γ2 = Γ∩(1×G2)
is trivial, then the quasi-entre QZ (G2) is topologially loally nite.
Proof. Let S ⊆ QZ (G2) be a nite subset of the quasi-entre. Then G2 possesses a ompat
open subgroup U whih entralises S. By Lemma 3.2 the group ΓU = Γ ∩ (G1 × U) is
a oompat lattie in G1 × U . In partiular, there is a nite generating set T ⊆ ΓU .
By a lemma of Selberg [Sel60℄, the group ZΓ(T ) is a oompat lattie in ZG(T ). But
ZG(T ) = ZG(ΓU ) ⊆ 1×G2 sine the projetion of ΓU to G1 is a oompat lattie. Sine
the disrete kernel Γ ∩ (1 × G2) is trivial by hypothesis, the entraliser ZΓ(T ) is trivial
and, hene, ZG(T ) is ompat. By onstrution S is ontained in ZG(T ), whih yields the
desired result. 
4.D. Residually nite latties.
Theorem 4.11. Let X be a proper CAT(0) spae suh that Is(X) ats oompatly and
minimally. Let Γ < Is(X) be a nitely generated lattie. Assume that Γ is irreduible and
residually nite. Then we have the following (see Setion 4.B for the notation):
(i) Γ∗ ats faithfully on eah irreduible fator of X.
(ii) If Γ is oompat and X is reduible, then for any losed subgroup G < Is(X)
ontaining HΓ∗, we have QZ (G) = QZ (G
∗) = 1. Furthermore soc(G∗) is a diret
produt of r non-disrete losed subgroups, eah of whih is harateristially simple,
where r is the number of irreduible fators of X.
(We emphasise that the irreduibility assumption onerns Γ as an abstrat group; ompare
however Remark 4.6.)
Proof. If X is irreduible, there is nothing to prove. We assume heneforth that X is
reduible. In view of Theorem 3.8, X has no Eulidean fator. Moreover, Corollary 3.12
implies that Is(X) xes no point at innity. In partiular, Γ and HΓ∗ at minimally without
xed point at innity by Theorem 2.4.
Let H1, . . . ,Hr be the irreduible fators of HΓ∗ ; thus r oinides with the number of
irreduible fators of X. In view of Theorem 4.2, the group Γ∗ is an irreduible lattie in
this produt. By Corollary 1.11 in [CM08℄ and Theorem 2.4, eah Hi is either a entre-free
simple Lie group or totally disonneted with trivial amenable radial. If H1 is a simple Lie
group, then it has no non-trivial disrete normal subgroup and hene
(Γ∗)1 := Γ
∗ ∩ (H1 × 1× · · · × 1) = 1.
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If H1 is totally disonneted, then by Proposition 4.9 the anonial disrete kernel (Γ
∗)1
ommutes with the disrete residual H
(∞)
1 , whih is non-trivial by Corollary 6.13 in [CM08℄.
Thus ZH1(H
(∞)
1 ) = 1 by Theorem 1.10 in [CM08℄ and hene (Γ
∗)1 = 1.
Assertion (i) now follows from a straightforward indution on r.
Assume next that Γ is oompat. Let G1, . . . , Gr be the irreduible fators of G
∗
. By
Lemma 4.8 and Proposition 4.10, and in view of Part (i), for eah totally disonneted fa-
tor Gi, the quasi-entre QZ (Gi) is topologially loally nite. Its losure is thus amenable,
hene trivial by Theorem 1.10 in [CM08℄. Moreover, the quasi-entre of eah almost on-
neted fator is trivial as well by Lemma 4.8.
Clearly the projetion of the quasi-entre of G∗ to the irreduible fator Gi is ontained
in QZ (Gi). This shows that QZ (G
∗) is trivial. Hene so is QZ (G), sine it ontains
QZ (G∗) as a nite index subgroup and sine G has no non-trivial nite normal subgroup
by Corollary 5.8 in [CM08℄. Now the desired onlusion follows from Proposition 6.11
in [CM08℄. 
4.E. Strong rigidity for produt spaes. In [CM08℄, we presented a few superrigidity
results (Setion 8 in [CM08℄). Superrigidity should ontain, in partiular, strong rigidity
à la Mostow. This is indeed the ontent of Theorem 4.12 below, where an isomorphism
of latties is shown to extend to an ambient group. However, in ontrast to the lassial
ase of symmetri spaes, whih are homogeneous, the full isometry group does not in
general determine the spae sine CAT(0) spaes are in general not homogeneous. Another
dierene is that the hull of a lattie, as desribed in Setion 4.B, is generally smaller than
the full isometry group of the ambient CAT(0) spae.
In view of the denition of the hull, the following statement is non-trivial only when X
(or an invariant subspae) is reduible; this is expeted sine we want to use superrigidity
for irreduible latties in produts.
Theorem 4.12. Let X,Y be proper CAT(0) spaes and Γ,Λ disrete oompat groups of
isometries of X, respetively Y , not splitting (virtually) a Zn fator.
Then any isomorphism Γ ∼= Λ determines an isomorphism HΓ ∼= HΛ suh that the fol-
lowing ommutes:
Γ

// Λ

HΓ
∼=
// HΛ
Theorem 4.12 provides a partial answer to Question 21 in [FHT08℄.
Remark 4.13. The assumption on Z
n
fators is equivalent to exluding Eulidean fa-
tors from X (or its anonial invariant subspae) by Theorem 3.8. On the one hand, this
assumption is really neessary for the theorem to hold, even for symmetri spaes, sine
one an twist the produt using a Γ-ation on the Eulidean fator when H1(Γ) 6= 0 (om-
pare [LY72,  4℄). On the other hand, sine Bieberbah groups are obviously Mostow-rigid,
Theorem 4.12 together with Theorem 3.8 give us as omplete as possible a desription of
the situation with Z
n
fators.
Proof. Let X ′ ⊆ X be the subset provided by Theorem 3.11. We retain the notation FΓ✁Γ
and Γ′ = Γ/FΓ < Is(X
′) from Setion 4.B and reall from Lemma 4.7 that FΓ depends only
on Γ as abstrat group and that X ′ is Γ′-minimal. We dene Y ′, FΛ and Λ
′
in the same way
and have the orresponding lemma. In partiular, it follow that the isomorphism Γ ∼= Λ
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desends to Γ′ ∼= Λ′. Therefore, we an and shall assume from now on that X and Y are
minimal and Γ < HΓ < Is(X), Λ < HΛ < Is(Y ). By Theorem 3.8, we know that X,Y have
no Eulidean fator. Thus Γ,Λ have no xed point at innity by Theorem 3.14. We laim
that Γ has a nite index subgroup Γ† whih deomposes as a produt Γ† = Γ1 × · · · × Γs
of irreduible fators, with s maximal for this property. Indeed, otherwise we ould apply
the splitting theorem of [Mon06℄ to a hain a nite index subgroups and ontradit the
properness of X. We write Λ† = Λ1×· · ·×Λs for the orresponding groups in Λ. Combining
the splitting theorem with Addendum 1.8 in [CM08℄, it follows from the denition of the
hull that it is suient to prove the statement for s = 1. We assume heneforth that Γ, and
hene also Λ, is irreduible. Furthermore, if X and Y are both irreduible, then HΓ = Γ
and HΛ = Λ and the desired statement is empty. We now assume that X is reduible.
By Theorem 2.4, the lattie Γ (resp. Λ) ats minimally without xed point at innity
on X (resp. Y ). Theorem 8.4 in [CM08℄ yields a ontinuous morphism f : HΓ∗ → HΛ∗ ,
whih shows in partiular (by the splitting theorem [Mon06℄) that Y is reduible as well.
A seond appliation of Theorem 8.4 in [CM08℄ yields a seond ontinuous morphism
f ′ : HΛ∗ → HΓ∗. Notie that the respetive restritions to Γ∗ and Λ∗ oinides with the
given isomorphism and its inverse. In partiular f ′ ◦ f (resp. f ′ ◦ f ) is the identity on Γ
(resp. Λ). By denition of the hull, it follows that f ′ ◦ f (resp. f ′ ◦ f ) is the identity on
HΓ∗ (resp. HΛ∗). The desired result nally follows, sine there is a anonial isomorphism
Γ/Γ∗ ∼= HΓ/HΓ∗ and sine the ation of HΓ/HΓ∗ on HΓ∗ is anonially determined by the
ation of Γ/Γ∗ on Γ∗. 
The above proof shows in partiular that amongst spaes that are Γ-minimal without
Eulidean fator, the number of irreduible fators depends only upon the group Γ. If we
ombine this with Theorem 3.14, Corollary 3.10 and Theorem 3.8(ii), we obtain that the
number of fators in the de Rham deomposition
(4.i) X ′ ∼= X1 × · · · ×Xp ×Rn × Y1 × · · · × Yq
of Addendum 1.8 in [CM08℄ is an invariant of the group:
Corollary 4.14. Let X be a proper CAT(0) spae and Γ < Is(X) be a group ating properly
disontinuously and oompatly.
Then any other suh spae admitting a proper oompat Γ-ation has the same number
of fators in (4.i) and the Eulidean fator has same dimension. 
(We reall that minimality is automati when X is geodesially omplete: Lemma 3.13
in [CM08℄.)
5. Arithmetiity of abstrat latties
The main goal of this setion is to prove Theorem 1.9, whih we now state in a slightly
more general form. Following G. Margulis [Mar91, IX.1.8℄, we shall say that a simple
algebrai group G dened over a eld k is admissible if none of the following holds:
 char(k) = 2 and G is of type A1, Bn, Cn or F4.
 char(k) = 3 and G is of type G2.
A semi-simple group will be said admissible if all its fators are.
Theorem 5.1. Let Γ < G = G1×· · ·×Gn be an irreduible nitely generated lattie, where
eah Gi is any loally ompat group.
If Γ admits a faithful Zariski-dense representation in an admissible semi-simple group
(over any eld), then the amenable radial R of G is ompat and the quasi-entre QZ (G)
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is virtually ontained in Γ · R. Furthermore, upon replaing G by a nite index subgroup,
the quotient G/R splits as G+ ×QZ (G/R) where G+ is a semi-simple algebrai group and
the image of Γ in G+ is an arithmeti lattie.
Sine the projetion map G → G/R is proper, the statement of Theorem 5.1 implies in
partiular that QZ (G/R) is disrete.
Corollary 5.2. Let G = G1×· · ·×Gn be a produt of loally ompat groups. Assume that
G admits a nitely generated irreduible lattie with a faithful Zariski-dense representation
in a semi-simple group over some eld of harateristi 6= 2, 3.
Then G is a ompat extension of a diret produt of a semi-simple algebrai group by a
disrete group. 
To be more preise, the arithmetiity onlusion of Theorem 5.1 means the following.
There exists a global eld K, a onneted semi-simple K-anisotropi K-group H and a
nite set Σ of valuations of K suh that:
(i) The quotient Γ := Γ/Γ ∩ (R · QZ (G)) is ommensurable with the arithmeti group
H(K(Σ)), where K(Σ) is the ring of Σ-integers of K. Moreover, Σ ontains all Arhimedean
valuations v for whihH isKv-isotropi, whereKv denotes the v-ompletion ofK. In parti-
ular, by BorelHarish-Chandra and BehrHarder redution theory, the diagonal embedding
realises H(K(Σ)) as a lattie in the produt
∏
v∈ΣH(Kv).
(ii) The group G+ is isomorphi to
∏
v∈ΣH(Kv)
+
and this isomorphism implements the
ommensurability of Γ with H(K(Σ)). For bakground referenes, inluding on H(Kv)
+
,
see [Mar91, I.3℄.
In ontrast to statements in [Mon05℄, there is no assumption on the subgroup struture
of the fators Gi in Theorem 5.1, whih may not even be irreduible. The nature of the
linear representation is however more restrited.
Another improvement is that no (weak) oompatness assumption is made on Γ. In
partiular, under the same algebrai restritions on the fators Gi as in lo. it., we obtain
the following arithmetiity vs. non-linearity alternative for all nitely generated latties.
Corollary 5.3. Let Γ < G = G1 × · · · × Gn be an irreduible nitely generated lattie,
where eah Gi is a loally ompat group suh that every non-trivial losed normal subgroup
is oompat. Then one of the following holds:
(i) Every nite-dimensional linear representation of Γ in harateristi 6= 2, 3 has vir-
tually soluble image.
(ii) G is a semi-simple algebrai group and Γ is an arithmeti lattie.
The hypothesis made on eah fator Gi may be used to desribe to some extent its
struture independently of the existene of a lattie in G; one an in partiular show [CM08a℄
that eah Gi is monolithi, thus extending the lassial result of Wilson [Wil71℄ to loally
ompat groups. However, we will not appeal to this preliminary desription of the Gi when
proving Corollary 5.3: the strutural information will instead be obtained a posteriori.
Remark 5.4. In [Mon05℄, the onlusion (i) was replaed by niteness of the image. This
follows from the urrent onlusion in the more restrited setting of lo. it. thanks to
Y. Shalom's superrigidity for haraters [Sha00℄, unless of ourse Gi admits (virtually) a
non-zero ontinuous homomorphism to R (after all in the urrent setting we an have
Gi = R). It is part of the assumptions in [Mon05℄ that no suh homomorphism exists, so
that Corollary 5.3 indeed generalises lo. it.
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5.A. Superrigid pairs. For onveniene, we shall use the following terminology. Let J be
a topologial group and Λ < J any subgroup. We all the pair (Λ, J) superrigid if for any
loal eld k and any onneted absolutely almost simple adjoint k-group H, every abstrat
homomorphism Λ → H(k) with unbounded Zariski-dense image extends to a ontinuous
homomorphism of J .
Proposition 5.5. Let (Λ, J) be a superrigid pair with J loally ompat and Λ nitely
generated with losure of nite ovolume in J .
If Λ admits a faithful representation in an admissible semi-simple group (over any eld)
with Zariski-dense image, then the amenable radial R of J is ompat and the quasi-entre
QZ (J) is virtually ontained in Λ · R. Furthermore, upon replaing J by a nite index
subgroup, the quotient J/R splits as J+ × QZ (J/R) where J+ is a semi-simple algebrai
group and the image of Λ in J+ is an arithmeti lattie.
(We point out again that in partiular the diret fator QZ (J/R) is disrete.)
One might expet that Theorem 5.1 ould now be proved by establishing in omplete
generality that nitely generated irreduible latties in produts of loally ompat groups
form a superrigid pair. For uniform latties, or more generally weakly oompat square-
summable latties, this is indeed true and was proved in [Mon06℄. We do not have a
proof in general and shall eshew this diulty by giving rst an independent proof of the
ompatness of the amenable radial (Corollary 5.14 below) and using the residual niteness
of nitely generated linear groups before proeeding with Proposition 5.5.
Nevertheless, we do have a general proof as soon as the groups are totally disonneted.
Theorem 5.6. Let Γ < G = G1×· · ·×Gn be an irreduible nitely generated lattie, where
eah Gi is any loally ompat group.
If G is totally disonneted, then (Γ, G) is a superrigid pair.
(As we shall see in Proposition 5.11, one an drop the nite generation assumption in the
simpler ase where Γ projets faithfully to some fator Gi.)
The proofs will use the following fat established in [CM08a℄.
Proposition 5.7. Let G be a ompatly generated loally ompat group and {Nv | v ∈ Σ}
be a olletion of pairwise distint losed normal subgroups of G suh that for eah v ∈ Σ,
the quotient Hv = G/Nv is quasi-simple, non-disrete and non-ompat. If
⋂
v∈ΣNv = 1
then Σ is nite and G has a harateristi losed oompat subgroup whih splits as a nite
diret produt of |Σ| topologially simple groups. 
We reall for the above statement that a group is alled quasi-simple if it possesses a
oompat normal subgroup whih is topologially simple and ontained in every non-trivial
losed normal subgroup.
Proof of Proposition 5.5. We will largely follow the ideas of Margulis, deduing arithmeti-
ity from superrigidity [Mar91, Chapter IX℄. It is assumed that the reader has a opy
of [Mon05℄ at hand, sine it ontains a similar reasoning under dierent hypotheses. The
harateristi assumption in lo. it. will be replaed by the urrent admissibility assump-
tion.
The group J (and hene also all nite index subgroups and fators) is ompatly generated
by Lemma 2.12. Let τ : Λ→ H be the given faithful representation. Upon replaing Λ and
J by nite index subgroups and post-omposing τ with the projetion map H → H/Z (H),
we shall assume heneforth that H is adjoint and Zariski-onneted. The representation
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τ : Λ → H need no longer be faithful, but it still has nite kernel. As in [Mon05, (3.3)℄, in
view of the assumption that Λ is nitely generated, we may assume that H is dened over a
nitely generated eld K. This is the rst of two plaes where the admissibility assumption
is used in lo. it. (following VIII.3.22 and IX.1.8 in [Mar91℄).
By Tits' alternative [Tit72℄, the amenable radial of Λ is soluble-by-loally-nite and thus
loally nite sine τ(Λ) is Zariski-dense and H is semi-simple. The nite generation of K
implies that this radial is in fat nite (see e.g. Corollary 4.8 in [Weh73℄), thus trivial
by Zariski-density sine H is adjoint. (The nite generation of K is essential in positive
harateristi sine for algebraially losed elds there is always a loally nite Zariski-dense
subgroup [BGM04℄.)
It now follows that if J is a ompat extension of a disrete group, then the latter
has trivial amenable radial and thus all the onlusions of Proposition 5.5 hold trivially.
Therefore, we assume heneforward that J is not ompat-by-disrete.
Let H = H1× · · · ×Hk be the deomposition of H into its simple fators. We shall work
with the fators Hi one at a time. Let τi : Λ → Hi be the indued representation of Λ.
Notie that τi need not be faithful; however, it has Zariski-dense (and in partiular innite)
image.
We let Σi denote the set of all (inequivalent representatives of) valuations v of K suh
that the image of τi(Λ) is not relatively ompat in Hi(Kv) (for the Hausdor topology);
observe that this image is still Zariski-dense. Then Σi is non-empty sine τi(Λ) is innite,
see [BG07, Lemma 2.1℄.
By hypothesis, there exists a ontinuous representation J → Hi(Kv) for eah v ∈ Σi,
extending the given Λ-representation. We denote by Nv✁J the kernel of this representation.
Let I ⊆ {1, . . . , k} be the set of all those indies i suh that J/Nv is non-disrete for eah
v ∈ Σi.
We laim that the set I is non-empty.
Indeed, for eah index j 6∈ I, there exists vj ∈ Σj suh that Nvj is open in J . Thus the
kernel
J+ =
⋂
j 6∈I
Nvj
of the ontinuous representation J →∏j 6∈I Hj(Kvj ) is open.
By assumption the losure of Λ in J has nite ovolume. Therefore, for eah open
subgroup F < J , the losure of Λ∩F has nite ovolume in F . It follows in partiular that
Λ ∩ F is innite unless F is ompat.
These onsiderations apply to the open subgroup J+ < J . Sine J is not ompat-by-
disrete, we dedue that Λ∩J+ is innite. Therefore the restrition to Λ of the representation
J →∏j 6∈I Hj(Kvj ) has innite kernel and, hene, it does not fator through τ : Λ→ H(K).
In partiular it annot oinide with the given representation τ : Λ → H. Thus I is non-
empty.
We laim that for eah i ∈ I, the set Σi is nite.
Let i ∈ I and v ∈ Σi. The arguments of [Mon05, (3.7)℄ show that the isomorphi image of
J/Nv inHi(Kv) ontainsHi(Kv)
+
. These arguments use again the admissibility assumption
beause the appeal to a result of R. Pink [Pin98℄; the fat that the latter hold in the
admissible ase is expliit in the table provided in Proposition 1.6 of [Pin98℄. Furthermore,
it follows from Tits' simpliity theorem [Tit64℄ ombined with [BT73, 6.14℄ that eah J/Nv
is quasi-simple. Moreover, an appliation of [BT73, 8.13℄ shows that the various quotients
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(J/Nv)v∈Σi are pairwise non-isomorphi. In partiular the normal subgroups (Nv)v∈Σi are
pairwise distint.
Let Di =
⋂
v∈Σi
Nv and reall that J/Di is ompatly generated. Projeting eah Nv to
J/Di, we obtain a family of pairwise distint normal subgroups of J/Di indexed by Σi suh
that eah orresponding quotient is quasi-simple, non-disrete and non-ompat. Therefore,
the desired laim follows from Proposition 5.7.
In partiular, appealing again to [BT73, Corollaire 8.13℄, we obtain a ontinuous map
J → ∏v∈Σi Hi(Kv) whih we denote again by τJi . The kernel of τJi is Di. Upon replaing
J and Λ by nite index subgroups we may assume that the image of τJi oinides in fat
with
∏
v∈Σi
Hi(Kv)
+
, ompare [Mon05, (3.9)℄.
We laim that R := J+ ∩ D is ompat and that J = J+ · D, where D is dened by
D =
⋂
i∈I Di.
We rst show that R = J+ ∩D is ompat. Assume for a ontradition that this is not
the ase. Then, given a ompat open subgroup U of J , the intersetion Λ0 = Λ ∩ (U · R)
is innite: this follows from the same argument as above, using the assumption that the
losure of Λ has nite ovolume.
For eah index j 6∈ I, we have J+ ⊆ Nvj and we dedue that the image of Λ0 in Hj(Kvj )
is nite, sine it is ontained in the image of U . Equivalently, the subgroup τj(Λ0) < Hj(K)
is nite. It follows in partiular that τi(Λ0) is innite for some i ∈ I. By [BG07, Lemma 2.1℄,
there exists v ∈ Σi suh that the image of Λ0 in Hi(Kv) is unbounded. This is absurd sine
D ⊆ Nv and hene the image of Λ0 in Hi(Kv) is ontained in the image of the ompat
subgroup U . This shows that the intersetion R is indeed ompat.
At this point we know that the quotient J/D is isomorphi to a subgroup of the produt∏
i∈I
∏
v∈Σi
Hi(Kv)
+
whih projets surjetively onto eah fator of the form
∏
v∈Σi
Hi(Kv)
+
. Using again the
Goursat-type argument as in Proposition 5.7, we nd that J/D is indeed isomorphi to
a nite produt of non-ompat non-disrete simple groups Hi(Kv)
+
. In partiular the
quotient J/D has no non-trivial open normal subgroup. Sine J+ is open and normal in J ,
we dedue that J = J+ ·D, thereby establishing the laim.
By the very nature of the statement, we may replae J by the quotient J/R without any
loss of generality, sine R is ompat. In view of this further simpliation, the preeding
laim implies that J ∼= J+ ×D. In partiular D is disrete.
It now follows as in [Mon05, (3.11)℄ that K is a global eld, and that the image of Λ in
the semi-simple group J/D is an arithmeti lattie (ompare [Mon05, (3.13)℄). Therefore,
by Proposition 3.1, the intersetion Λ ∩D is a lattie in D and, hene, the disrete normal
subgroup D is virtually ontained in Λ. As J ∼= J+ ×D and J+ has trivial quasi-entre, it
follows that the quasi-entre of J oinides with D. This nishes the proof. 
For later use, we single out a (simpler) version of an argument referred to above.
Lemma 5.8. Let H be an admissible onneted absolutely almost simple adjoint k-group
H, where k is a loal eld. Let J be a loally ompat group with a ontinuous unbounded
Zariski-dense homomorphism τ : J → H(k). Then any ompat normal subgroup of J is
ontained in the kernel of τ .
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Proof. Let K✁J be a ompat normal subgroup. The Zariski losure of τ(K) is normalised
by the Zariski-dense group τ(J) and therefore it is either H(k) or trivial. We assume the
former sine otherwise we are done.
We laim that we an assume k non-Arhimedean. Otherwise, either k = R or k = C. In
the rst ase, τ(K) oinides with its Zariski losure by Weyl's algebraiity theorem [Vin94,
4.2.1℄ so that H(k) is ompat in whih ase the lemma is void by the unboundedness
assumption. In the seond ase, one an redue to the ase τ(J) ⊆ H(R) as in [Mon05,
(3.5)℄ and thus τ(K) = 1 as before sine H(R) is also simple; the laim is proved.
Following now an idea from [Sha00, p. 41℄ (see also the explanations in Setion (3.7)
of [Mon05℄), one uses [Pin98℄ to dedue that τ(K) is open upon possibly replaing k by
a losed subeld (the admissibility assumption enters as in the proof of Proposition 5.5).
We an still denote this subeld by k beause it aommodates the whole image τ(J), see
again [Mon05, (3.7)℄. Now τ(J) is an unbounded open subgroup and hene ontains H(k)+
by a result of J. Tits (see [Pra82℄; this also follows from the HoweMoore theorem [HM79℄
whih however is posterior to Tits' result). This implies that the ompat group τ(K) is
trivial sine H(k)+ is simple by [Tit64℄. 
5.B. Boundary maps. We reord two statements extrated from Margulis' work in the
form most onvenient for us.
Proposition 5.9. Let J be a seond ountable loally ompat group with a measure lass
preserving ation on a standard probability spae B. Let Λ < J be a dense subgroup with
a Zariski-dense unbounded representation τ : Γ → H(k) to a onneted absolutely almost
k-simple adjoint group H over an arbitrary loal eld k.
If there is a proper k-subgroup L < H and a Λ-equivariant non-essentially-onstant mea-
surable map B → H(k)/L(k), then τ extends to a ontinuous homomorphism J → H(k).
Proof. The argument is given by A'CampoBurger in the harateristi zero ase at the end
of Setion 7 in [AB94℄ (pp. 1819). This referene onsiders homogeneous spaes for B but
this restrition is never used. The general statement is referred to in [Bur95℄ and details are
given in [Bon04℄. 
Proposition 5.10. Let Γ be a ountable group with a Zariski-dense unbounded representa-
tion Γ→ H(k) to a onneted absolutely almost k-simple adjoint group H over an arbitrary
loal eld k. Let B be a standard probability spae with a measure lass preserving Γ-ation
that is amenable in Zimmer's sense [Zim84℄ and suh that the diagonal ation on B2 is
ergodi.
Then there is a proper k-subgroup L < H and a Γ-equivariant non-essentially-onstant
measurable map B → H(k)/L(k).
Proof. Again, this is proved in [AB94℄ for the harateristi zero ase (and B homogeneous)
and the neessary adaptations to the general ase are explained in [Bon04℄. 
We shall need these spei statements below. They rst appeared within the proof
of Margulis' ommensurator superrigidity, whih an adapted as follows using [Bur95℄ and
Lemma 8.3 in [CM08℄, providing a rst step towards Theorem 5.6.
Proposition 5.11. Let G = G1×G2 be a produt of loally ompat σ-ompat groups and
Λ < G be an irreduible lattie. Assume that the projetion of Λ to G1 is injetive and that
G2 admits a ompat open subgroup. Then the pair (Λ, G) is superrigid.
Proof. We laim that one an assume G seond ountable. As explained in [Mon06, Proposi-
tion 61℄, σ-ompatness implies the existene of a ompat normal subgroup K✁G meeting
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Λ trivially and suh that G/K is seond ountable. Applying the statement to G/K to-
gether with the image of Λ therein yields the general statement sine the projetion of Λ to
G/K is an isomorphism; this proves the laim.
Let τ : Λ→ H(k) be as in the denition of superrigid pairs and let U < G2 be a ompat
open subgroup. Set ΛU = Λ∩ (G1 ×U). By the injetivity assumption and Lemma 3.2, we
an onsider ΛU as a lattie in G1 whih is ommensurated by (the image of the projetion
of) Λ. We distinguish two ases.
Assume rst that τ(ΛU ) is unbounded in the loally ompat group H(k). We may then
apply Margulis' ommensurator superrigidity in its general form proposed by M. Burger [Bur95,
Theorem 2.A℄, see [Bon04℄ for details. This yields a ontinuous map J → H(k) fatoring
through G1 and extending the given Λ-representation, as desired.
Assume now that τ(ΛU ) is bounded, whih is equivalent to ΛU xing a point in the
symmetri spae or BruhatTits building assoiated to H(k). Then Lemma 8.3 in [CM08℄
yields a ontinuous map J → H(k) fatoring through G2. 
5.C. Radial superrigidity.
Theorem 5.12. Let G be a loally ompat group, R ✁ G its amenable radial, Γ < G a
nitely generated lattie and F the losure of the image of Γ in G/R.
Then any Zariski-dense unbounded representation of Γ in any onneted absolutely almost
simple adjoint k-group H over any loal eld k arises from a ontinuous representation of
F via the map Γ→ F .
(In partiular, the pair (Γ/(Γ ∩R), F ) is superrigid.)
Proof. Notie that G is σ-ompat sine it ontains a nitely generated, hene ountable,
lattie. (In fat G is even ompatly generated by Lemma 2.12.) Set J = G/R. There
exists a standard probability J-spae B on whih the Γ-ation is amenable and suh that
the diagonal Γ-ation on B2 is ergodi; it sues to hoose B to be the Poisson boundary
of a symmetri random walk with full support on J . Indeed: (i) The J-ation is amenable
as was shown by Zimmer [Zim78℄; this implies that the G-ation is amenable sine R is an
amenable group and thus that the Γ-ation is amenable sine Γ is losed in G (see [Zim84,
5.3.5℄). (ii) The diagonal ation of any losed nite ovolume subgroup F < J on B2 is
ergodi in view of the ergodiity with oeients of J , and hene the same holds for dense
subgroups of F . For detailed bakground on this strengthening of ergodiity introdued
in [BM02℄ and on the Poisson boundary in general, we refer the reader to [Ka03℄.
Let now k be a loal eld, H a onneted absolutely almost simple k-group and Γ→ H(k)
a Zariski-dense unbounded representation. We an apply Proposition 5.10 and obtain a
proper subgroup L < H and a Γ-equivariant map B → H(k)/L(k). Writing Λ for the
image of Γ in J , we an therefore apply Proposition 5.9 with F instead of J and the
onlusion follows. 
Remark 5.13. An examination of this proof shows that one has also the following related
result. Let J be a seond ountable loally ompat group and Λ ⊆ J a dense ountable
subgroup whose ation on J by left multipliation is amenable. Then the pair (Λ, J) is
superrigid. Indeed, one an again argue with Propositions 5.9 and 5.10 beause it is easy
to hek that in the present situation any amenable J-spae is also amenable for Λ viewed
as a disrete group. Related ideas were used by R. Zimmer in [Zim87℄.
Corollary 5.14. Let G be a loally ompat group and Γ < G a nitely generated lattie.
If Γ admits a faithful Zariski-dense representation in an admissible semi-simple group
(over any eld), then the amenable radial of G is ompat.
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Proof. Let R be the amenable radial of G, F be the losure of the image of Γ in G/R
and J < G the preimage of F in G. The ontent of Theorem 5.12 is that the pair (Γ, J) is
superrigid. Sine in addition Γ is losed and of nite ovolume in J (see [Rag72, Lemma 1.6℄),
we may apply Proposition 5.5 and dedue that the amenable radial of J is ompat. The
onlusion follows sine R < J . 
5.D. Latties with non-disrete ommensurators. The following useful trik allows
to realise the ommensurator of any lattie in a loally ompat group G as a lattie in a
produt G × D. A similar reasoning in the speial ase of automorphism groups of trees
may be found in [BG02, Theorem 6.6℄.
Lemma 5.15. Let Λ be a group and Γ < Λ a subgroup ommensurated by Λ. Let D be
the ompletion of Λ with respet to the left or right uniform struture generated by the
Λ-onjugates of Γ. Then D is a totally disonneted loally ompat group.
If furthermore G is a loally ompat group ontaining Λ as a dense subgroup suh that
Γ is disrete (resp. is a lattie) in G, then the diagonal embedding of Λ in G×D is disrete
(resp. is an irreduible lattie).
The above lemma is in some sense a onverse to Lemma 3.2. In the speial ase where one
starts with a lattie satisfying a faithfulness ondition, this relation beomes even stronger.
Lemma 5.16. Let G,H be loally ompat groups and Λ < G ×H a lattie. Assume that
the projetion of Λ to G is faithful and that both projetions are dense. Let U < H be a
ompat open subgroup, set Γ = Λ∩ (G×U) as in Lemma 3.2 and onsider the group D as
in Lemma 5.15 (upon viewing Λ as a subgroup of G). Dene the ompat normal subgroup
K ✁H as the ore K =
⋂
h∈H hUh
−1
of U in G.
Then the map Λ→ D indues an isomorphism of topologial groups H/K ∼= D.
Proof of Lemma 5.15. One veries readily the ondition given in [Bou60℄ (TG III,  3, No 4,
Théorème 1) ensuring that the ompletion satises the axioms of a group topology. We
emphasise that it is part of the denition of the ompletion that D is Hausdor; in other
words D is obtained by rst ompleting Λ with respet to the group topology as dened
above, and then dividing out the normal subgroup onsisting of those elements whih are
not separated from the identity.
Let U denote the losure of the projetion of Γ to D. By denition U is open. Notie
that it is ompat sine it is a quotient of the pronite ompletion of Γ by onstrution. In
partiular D is loally ompat.
By a slight abuse of notation, let us identify Γ and Λ with their images inD. We laim that
U ∩ Λ = Γ. Indeed, let {γn}n≥0 be a sequene of elements of Γ suh that limn γn = λ ∈ Λ.
Sine λΓλ−1 is a neighbourhood of the identity in Λ (with respet to the topology indued
from D), it follows that γnλ
−1 ∈ λΓλ−1 for n large enough. Thus λ ∈ γnΓ = Γ.
Assume now that Γ is disrete and hoose a neighbourhood V of the identity in G suh
that Γ ∩ V = 1. In view of the preeding laim the produt V × U is a neighbourhood of
the identity in G×D whih meets Λ trivially, thereby showing that Λ is disrete.
Assume nally that Γ is a lattie in G and let F be a fundamental domain. Then F ×U
is a fundamental domain for Λ in G×D, whih has nite volume sine a Haar measure for
G ×D may be obtained by taking the produt of respetive Haar measures for G and D.
Thus Λ has nite ovolume in G×D. 
Proof of Lemma 5.16. In order to onstrut a ontinuous homomorphism π : H → D, it
sues to hek that any net in Λ whose image in H onverges to the identity also onverges
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to the identity in D; this follows from the denitions of Γ and D sine the net is eventually
in any Λ-onjugate of U . Notie that π has dense image.
We laim that the kernel of π is
⋂
λ∈Λ λUλ
−1
. Indeed, if on the one hand k ∈ ker(π)
is the limit of the images in H of a net {λi} in Λ, then for any λ we have eventually
λi ∈ λ−1Γλ ⊆ λ−1(G × U)λ so that indeed k ∈ λ−1Uλ sine U is losed. Conversely, if
k ∈ ⋂λ∈Λ λUλ−1 is limit of images of {λi}, then, sine U is open, for any λ the image of λi
is eventually in λUλ−1, hene in λΓλ−1 so that π(λi)→ 1. This proves the laim.
Now it follows that ker(π) is indeed the ore K of the statement sine U is ompat.
The fat that π is onto and open follows from the existene of a ompat open subgroup in
H. 
Theorem 5.17. Let G be a loally ompat group and Γ < G be a lattie. Assume that G
possesses a nitely generated dense subgroup Λ suh that Γ < Λ < CommG(Γ).
If Λ admits a faithful Zariski-dense representation in an admissible semi-simple group
(over any eld), then the amenable radial R of G is ompat and the quasi-entre QZ (G)
is virtually ontained in Γ · R. Furthermore, upon replaing G by a nite index subgroup,
the quotient G/R splits as G+ ×QZ (G/R) where G+ is a semi-simple algebrai group and
the image of Γ in G+ is an arithmeti lattie.
Proof. Let J = G×D, where D is the totally disonneted loally ompat group provided
by Lemma 5.15. As a totally disonneted group, it has numerous ompat open subgroups
(for instane the losure of Γ). We shall view Λ as an irreduible lattie in J . The projetion
of Λ to G is faithful by onstrution. By Proposition 5.11, the pair (Λ, J) is superrigid. This
allows us to apply Proposition 5.5. Sine the amenable radial RG of G is ontained in the
amenable radial RJ of J , it is ompat. Furthermore, the quasi-entre of G is ontained in
the quasi-entre of J and the entre-free group G/RG is a diret fator of J
+×QZ (J/RJ );
the desired onlusions follow. 
5.E. Latties in produts of Lie and totally disonneted groups.
Theorem 5.18. Let Γ < G = S ×D be a nitely generated irreduible lattie, where S is
a onneted semi-simple Lie group with trivial entre and D is a totally disonneted loally
ompat group. Let ΓD ✁D be the anonial disrete kernel of D.
Then D/ΓD is a pronite extension of a semi-simple algebrai group Q and the image of
Γ in S ×Q, whih is isomorphi to Γ/ΓD, is an arithmeti lattie.
Corollary 5.19. In partiular, D is loally pronite by analyti. 
A family of examples will be onstruted in Setion 6.C below, showing that the statement
annot be simplied even in a geometri setting (see Remark 6.7).
Proof of Theorem 5.18. By the very nature of the statement, we an fator out the anonial
disrete kernel. Therefore, we shall assume heneforth that the projetion map Γ → S
is injetive. We an also assume that S has no ompat fators. Sine S is onneted
with trivial entre, there is a Zariski onneted semi-simple adjoint R-group H without R-
anisotropi fators suh that S = H(R). Notie that the injetivity of Γ → S is preserved
when passing to nite index subgroups.
By Proposition 5.11, the pair (Γ, G) is superrigid. We an therefore apply Proposition 5.5.
In partiular, D has ompat amenable radial and therefore, in view of the statement of
Theorem 5.18, we an assume that this radial is trivial. Given the onlusion of Proposi-
tion 5.5, it only remains to show that the quasi-entre QZ (G) of G is trivial. We now know
that QZ (G) is virtually ontained in Γ; sine on the other hand S has trivial quasi-entre,
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QZ (G) ⊆ 1×D. In other words, QZ (G) is ontained in the disrete kernel ΓD, whih has
been rendered trivial. This ompletes the proof. 
We have treated Theorem 5.18 as a port of all on the way to Theorem 5.1. In fat,
one an also desribe latties in produts of groups with a simple algebrai fator over an
arbitrary loal eld and in most ases without assuming nite generation a priori. We
reord the following statement, whih will not be used below.
Theorem 5.20. Let k be any loal eld and G an admissible onneted absolutely almost
simple adjoint k-group. Let H be any ompatly generated loally ompat group admitting
a ompat open subgroup. Let Γ < G(k)×H be an irreduible lattie. In ase k has positive
harateristi and the k-rank of G is one, we assume Γ oompat.
Then H/ΓH is a ompat extension of a semi-simple algebrai group Q and the image of
Γ in G(k)×Q is an arithmeti lattie.
There is no assumption whatsoever on the ompatly generated loally ompat group H
beyond admitting a ompat open subgroup; reall that the latter is automati ifH is totally
disonneted [Bou71, III  4 No 6℄. Notie that a posteriori it follows from arithmetiity
that Γ is nitely generated; in the proof below, nite generation will be established in two
steps.
Proof of Theorem 5.20. We fator out the anonial disrete kernel ΓH and assume hene-
forth that it is trivial. This does not aet the other assumptions and thus we hoose some
ompat open subgroup U < H. We write G = G(k) and onsider ΓU = Γ ∩ (G × U)
as in Lemma 3.2. Sine we fatored out the anonial disrete kernel, we an onsider ΓU
as a lattie in G ommensurated by the dense subgroup Γ < G. Moreover, ΓU is nitely
generated; indeed, either we have simultaneously rankk(G) = 1 and char(k) > 0, in whih
ase we assumed Γ oompat, so that ΓU is oompat in the ompatly generated group
G(k) (again Lemma 3.2) and hene nitely generated [Mar91, I.0.40℄; or else, ΓU is known
to be nitely generated by applying, as the ase may be, either Kazhdan's property, or
the theory of fundamental domains, or the oompatness of p-adi latties  we refer to
Margulis, Setions (3.1) and (3.2) of Chapter IX in [Mar91℄.
We an now apply Margulis' arthmetiity [Mar91, 1.(1)℄ and dedue that G is dened
over a global eld K and that ΓU is ommensurable to G(K(S)) for some nite set of plaes
S; in short ΓU is S-arithmeti. (The idea to obtain rst this preliminary arithmetiity of
ΓU was suggested by M. Burger.) It follows that Γ is rational over the global eld K,
see Theorem 3.b in [Bor66℄ (lo. it. is formulated for the Lie group ase; see [Wor07,
Lemma 7.3℄ in general).
Sine the pair (Γ, G×H) is superrigid (for instane by Proposition 5.11), only the a priori
lak of nite generation for Γ prevents us from applying Proposition 5.5. However, a good
part of the proof of that proposition is already seured here sine Γ has been shown to be
rational over a global eld. We now proeed to explain how to adapt the remaining part
of that proof to the urrent setting. We use those elements of notation introdued in the
proof of Proposition 5.5 that do not onit with present notation and review all uses of
nite generation that are either expliit in the proof of Proposition 5.5 or impliit through
referenes to [Mon05℄.
The ompat generation ofG×H is an assumption rather than a onsequene of Lemma 2.12.
We also used nite generation in order to pass to a nite index subgroup of Γ ontained
in G(Kv)
+
for all valuations v ∈ Σ. We shall postpone this step, so that the whole argu-
mentation provides us with maps from G×H to a produt Q of fators that lie in-between
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G(Kv)
+
and G(Kv). In partiular all these fators are quasi-simple and we an still appeal
to Proposition 5.7 as before. Notie however that at the very end of the proof, one nite
generation is granted, we an invoke the argument that G(Kv)/G(Kv)
+
is virtually torsion
Abelian [BT73, 6.14℄ and thus redue again to the ase where Γ is ontained in G(Kv)
+
.
We now justify that the image of Γ in G×Q is disrete beause previously this followed
from [Mon05, (3.13)℄ whih relies on nite generation. If Γ were not disrete, an appliation
of [BG07, Lemma 2.1℄ would provide a valuation v /∈ Σ with Γ unbounded in G(Kv), whih
is absurd.
We are now in a situation where G×H maps to G×Q with oompat nite ovolume
image and injetively on Γ; therefore the disreteness of the image of Γ implies that this
map is proper and hene H is a ompat extension of Q. Pushing forward the measure on
(G×H)/Γ, we see that the image of Γ in G×Q is a lattie. Now Γ is nitely generated (see
above referenes to [Mar91, IX℄) and thus the proof is ompleted as in Proposition 5.5. The
disrete fator ourring in the onlusion of the latter proposition is trivial for the same
reason as in the proof of Theorem 5.18. 
5.F. Latties in general produts. We begin with the speial ase of totally disonneted
groups.
Proof of Theorem 5.6. An issue that we need to deal with is that the projetion of Γ to G1
is a priori not faithful. In order to irumvent this diulty, we proeed to a preliminary
onstrution.
Let ι : Γ→ Γ̂ be the anonial map to the pronite ompletion of Γ and denote its kernel
by Γ(f); in other words, Γ(f) is the nite residual of Γ. Let Ĝ1 denote the loally ompat
group whih is dened as the losure of the image of Γ in G1 × Γ̂ under the produt map
proj1×ι, where proj1 : G → G1 is the anonial projetion. Sine proj1(Γ) is dense in G1
and Γ̂ is ompat, the anonial map Ĝ1 → G1 is surjetive. In other words, the group Ĝ1
is a ompat extension of G1.
We now dene G′1 = G2×· · ·×Gn and Ĝ = Ĝ1×G′1. Then Γ admits a diagonal embedding
into Ĝ through whih the injetion of Γ in G fators. We will heneforth identify Γ with its
image in Ĝ and onsider Γ as an irreduible lattie of Ĝ.
We laim that the pair (Γ, Ĝ) is superrigid.
The argument is a variation on the proof of Proposition 5.11. Let τ : Γ → H(k) be
as in the denition of superrigid pairs. Sine τ(Γ) is nitely generated and linear, it is
residually nite [Mal40℄. This means that τ fators through Γ := Γ/Γ(f). Let U < G′1 be
a ompat open subgroup, ΓU = Γ ∩ (Ĝ1 × U) and ΓU = ΓU/(ΓU ∩ Γ(f)). By onstrution
and Lemma 3.2, we an onsider ΓU as a lattie in Ĝ1 ommensurated by Γ. Arguing as
in Proposition 5.11, when τ(ΓU ) is unbounded one applies ommensurator superrigidity
yielding a ontinuous map J → H(k) and extending the map Γ → H(k) and hene also
τ . When τ(ΓU ) is bounded, one applies Lemma 8.3 in [CM08℄ instead and the resulting
extension fators through G′1. This proves the laim.
In order to onlude that the pair (Γ, G) is also superrigid, it now sues to apply
Lemma 5.8. 
Corollary 5.21. Theorem 5.1 holds in the partiular ase of totally disonneted groups.
Proof. Theorem 5.6 provides the hypothesis needed for Proposition 5.5. 
We now turn to the general ase Γ < G = G1 × · · · × Gn of Theorem 5.1. The main
part of the remaining proof will onsist of a areful analysis of how the lattie Γ might sit
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in various subproduts hidden in the fators Gi or their nite index subgroups one the
amenable radial has been trivialised. It will turn out that Γ is virtually a diret produt
Γ′ × Γ′′, where Γ′ is an irreduible lattie in a produt S′ × D′ with S′ a semi-simple Lie
(virtual) subprodut of G and D′ a totally disonneted subgroup of G whose position will
be laried; as for Γ′′, it is an irreduible lattie in a semi-simple Lie group S′′ that turns out
to satisfy the assumptions of Margulis' arithmetiity. Of ourse, any of the above fators
might well be trivial.
Completion of the proof of Theorem 5.1. The amenable radial is ompat by Corollary 5.14
and hene we an assume that it is trivial. The group G (and hene also all nite index
subgroups and fators) is ompatly generated by Lemma 2.12. Upon regrouping the last
n−1 fators and in view of the denition of an irreduible lattie (see p. 18), we an assume
G = G1 × G2. We apply the solution to Hilbert's fth problem (ompare Theorem 5.6
in [CM08℄) and write Gi = Si ×Di after replaing G and Γ with nite index subgroups.
Here Si are onneted semi-simple entre-free Lie groups without ompat fators and Di
totally disonneted ompatly generated with trivial amenable radial. Set S = S1 × S2
and D = D1 × D2. Thus Γ is a lattie in G = S × D. Notie that if S is trivial, then G
is totally disonneted and we are done by Theorem 5.6. We assume heneforth that S is
non-trivial. The main remaining obstale is that the lattie Γ need not be irreduible with
respet to the produt deomposition G = S ×D.
Observe that the losure projD(Γ) of the projetion of Γ to D has trivial amenable radial.
Indeed projDi(Γ) is dense in Γi for i = 1, 2, hene the projetion projD(Γ) → Di has
dense image. The desired laim follows sine G, and hene Di, has trivial amenable radial.
Let U < D be a ompat open subgroup and set ΓU = Γ ∩ (S × U). By Lemma 3.2,
the projetion projS(ΓU ) of ΓU to S is a lattie whih is ommensurated by projS(Γ). The
lattie projS(ΓU ) possesses a nite index subgroup whih admits a anonial splitting into
nitely many irreduible groups Γ1 × · · · × Γr, ompare Theorem 4.2. Furthermore eah Γi
is an irreduible lattie in a semi-simple subgroup Si < S whih is obtained by regrouping
some of the simple fators of S.
Sine the projetion of Γ to eah G1 and G2, and hene to S1 and S2, is dense, it follows
that the projetion of Γ to eah simple fator of S is dense. We now onsider the projetion
of Γ to the various fators Si. In view of the preeding remark and the fat that Γi is
an irreduible lattie in Si, it follows that projSi(Γ) is either dense in S
i
or disrete and
ontains Γi with nite index, see [Mar91, IX.2.7℄. Let now
S′ = 〈Si | projSi(Γ) is non-disrete〉 and S′′ = 〈Si | projSi(Γ) is disrete〉.
We laim that the projetion of Γ to S′ is dense.
If this failed, then by [Mar91, IX.2.7℄ there would be a subprodut of some simple fators
of S′ on whih the projetion of Γ is a lattie. Sine eah Γi is irreduible, this subprodut
is a regrouping
Si1 × · · · × Sip
of some fators Si. Now the projetion of Γ is a lattie in this subgroup, hene it ontains
the produt Γi1 × · · · × Γip with nite index and thus projets disretely to eah Sij . This
ontradits the denition of S′ and proves the laim.
Our next laim is that Γ has a nite index subgroup whih splits as Γ′ × Γ′′, where Γ′′ =
projS′′(Γ) and Γ
′
is a lattie in S′ ×D.
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In order to establish this, we dene
Γ′ = Ker(proj : Γ→ S′′) and Γ′′ =
⋂
γ∈Γ
γΓUγ
−1.
Notie that Γ′ and Γ′′ are both normal subgroups of Γ. Sine projD(Γ
′′) is a ompat
subgroup of D normalised by projD(Γ), whih has trivial amenable radial, it follows that
Γ′′ ⊂ S′×S′′×1. Therefore, the intersetion Γ′∩Γ′′ is a normal subgroup of Γ ontained in
S′ × 1× 1. In view of the preeding laim, we dedue that Γ′ ∩ Γ′′ = 1. Thus 〈Γ′ ∪ Γ′′〉✁ Γ
is isomorphi to Γ′ × Γ′′. Sine Γ′U = Γ′ ∩ ΓU projets to a lattie in S′ whih ommutes
with the projetion of Γ′′, we dedue moreover that projS′(Γ
′′) = 1, or equivalently that
Γ′′ < 1× S′′ × 1.
Sine the projetion of Γ to S′′ has disrete image by denition, it follows from Propo-
sition 3.1 that Γ′ < S′ × 1 × D projets onto a lattie in S′ × D. On the other hand, the
very denition of S′′ implies projS′′(Γ) ontains projS′′(ΓU ), and hene also projS′′(Γ
′′), as
a nite index subgroup. In partiular, this shows that Γ′ × Γ′′ is a lattie in S′ × S′′ ×D.
Sine it is ontained in the lattie Γ, we nally dedue that the index of Γ′ × Γ′′ in Γ is
nite.
We observe that we have in partiular obtained a lattie Γ′′ < S′′ with S′′ non-simple
and Γ′′ irreduible (unless both Γ′′ and S′′ are trivial), beause the projetion of Γ to any
simple Lie group fator is dense: indeed, any simple fator must be a fator of some Gi
and Γ projets densely on Gi. It follows from Margulis' arithmetiity theorem [Mar91,
Theorem 1.(1')℄ that Γ′′ is an arithmeti lattie in S′′.
Turning to the other lattie, we remark that Γ′ admits a faithful Zariski-dense represen-
tation in a semi-simple group, obtained by reduing the given representation of Γ. Further-
more, notie that the projetion of Γ to S′ oinides (virtually) with the projetion of Γ. In
partiular it has dense image. Therefore, setting D′ = projD(Γ
′), we may now view Γ′ as
an irreduible lattie in S′ ×D′. We may thus apply Theorem 5.18. Notie that the same
argument as before shows that D′ has trivial amenable radial.
We laim that the anonial disrete kernel Γ′D′ is in fat a diret fator of D
′
.
Indeed, sine Γ is residually nite by Malev's theorem [Mal40℄, Proposition 4.9 ensures
that Γ′D′ entralises the disrete residual D
′(∞)
. In partiular D′(∞) ∩ Γ′D′ = 1 sine D′
has trivial amenable radial. Furthermore, sine D′/Γ′D′ is a semi-simple group, its disrete
residual has nite index. In partiular, upon replaing D′ by a nite index subgroup we
have D′ ∼= D′(∞) × Γ′D′ as desired. It also follows that Γ′D′ itself admits a Zariski-dense
representation in a semi-simple group.
It remains to onsider again the projetion maps projDi : D → Di. Restriting these maps
to D′ and using the fat that projDi(D
′) is dense, we obtain that Di ∼= projDi(D′(∞))×D′i,
where D′i = projDi(Γ
′
D′). The nal onlusion follows by applying Corollary 5.21 to the
irreduible lattie Γ′D′ < D
′
1 ×D′2. 
Proof of Corollary 5.3. Sine Γ is nitely generated and irreduible, all Gi are ompatly
generated (alternatively, apply Lemma 2.12).
We laim that all projetions Γ→ Gi are injetive. Indeed, if not, then (by indution on
n) there is j suh that the anonial disrete kernel ΓGj is non-trivial. It is then oompat,
whih implies that the projetion
Gj/ΓGj ×
∏
i 6=j
Gi −→
∏
i 6=j
Gi
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is proper. This is ontradits the fat that the image of Γ in the left hand side above is
disrete whilst it is dense in the right hand side, proving the laim.
Suppose given a linear representation of Γ in harateristi 6= 2, 3 whose image is not
virtually soluble. Arguing as in [Mon05℄, we an redue to the ase where we have a Zariski-
dense representation τ : Γ → H(K) in a non-trivial onneted adjoint absolutely simple
group H over a nitely generated eld K. Sine τ(Γ) is innite, we an hoose a ompletion
k of K for whih τ(Γ) is unbounded [BG07, 2.1℄.
Part of the argument in [Mon05℄ is devoted to proving that the representation is a pos-
teriori faithful. One an adapt the entire proof to the present setting, but we propose an
alternative line of reasoning using an amenability theorem from [BS06℄. Suppose towards
a ontradition that the kernel Γ0 ✁ Γ of τ is non-trivial. Sine the projetions are in-
jetive, the losure Ni of the image of Γ0 in Gi is a non-trivial losed subgroup, whih is
normal by irreduibility and hene is oompat. Then Theorem 1.3 in [BS06℄ implies that
Γ/Γ0 is amenable, ontraditing the fat that τ(Γ) is not virtually soluble in view of Tits'
alternative [Tit72℄.
At this point we an onlude by Theorem 5.1. 
6. Geometri arithmetiity
6.A. CAT(0) latties and paraboli isometries. We now speialise the various arith-
metiity results of Setion 5 to the ase of latties in CAT(0) spaes and ombine them with
some of our geometri results.
Reall that a paraboli isometry is alled neutral if it has zero translation length; the
following ontains Theorem 1.7 from the Introdution.
Theorem 6.1. Let X be a proper CAT(0) spae with oompat isometry group and Γ <
G := Is(X) be a nitely generated lattie. Assume that Γ is irreduible and that G ontains
a neutral paraboli isometry. Then one of the following assertions holds:
(i) G is a non-ompat simple Lie group of rank one with trivial entre.
(ii) There is a subgroup ΓD ⊆ Γ normalised by G, whih is either nite or innitely
generated and suh that the quotient Γ/ΓD is an arithmeti lattie in a produt of
semi-simple Lie and algebrai groups.
Proof. Let X ′ ⊆ X be the anonial subspae provided by Theorem 3.11; notie that X ′
still admits a neutral paraboli isometry. Theorem 1.6 in [CM08℄ and its addendum now
apply to X ′. The spae X ′ has no Eulidean fator: indeed, otherwise Theorem 3.8 would
imply X ′ = R, whih has no paraboli isometries. The kernel of the Γ-ation on X ′ is nite
and we will inlude it in the subgroup ΓD below.
We distinguish two ases aording as X ′ has one or more fators.
In the rst ase, Is(X ′) annot be totally disonneted sine otherwise Corollary 6.3
in [CM08℄ point (i) rules out neutral paraboli isometries. Thus Is(X ′) is a non-ompat
simple Lie group with trivial entre. If its real rank is one, we are in ase (i); otherwise,
Γ is arithmeti by Margulis' arithmetiity theorem [Mar91, Theorem 1.(1')℄ and we are in
ase (ii).
For the rest of the proof we treat the ase of several fators for X ′; let Γ∗ and let HΓ∗
be as in Setion 4.B. Note that HΓ∗ ats oompatly on eah irreduible fator of X
′
.
Furthermore, eah irreduible fator of HΓ∗ is non-disrete by Theorem 4.2. Therefore HΓ∗
is a produt of the form S ×D (possibly with one trivial fator), where S is a semi-simple
Lie group with trivial entre and D is a ompatly generated totally disonneted group
without disrete fator.
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By Corollary 6.3 in [CM08℄ point (i), the existene of a neutral paraboli isometry in
G implies that Is(X ′) is not totally disonneted. Lemma 4.8 ensures that the identity
omponent of Is(X ′) is in fat ontained in HΓ∗ . Therefore, upon passing to a nite index
subgroup, the identity omponent of Is(X ′) oinides with S.
If D is trivial, then HΓ∗ = S is a onneted semi-simple Lie group ontaining Γ as an
irreduible lattie. Sine S is non-simple, it has higher rank and we may appeal again to
Margulis' arithmetiity theorem; thus we are done in this ase.
Otherwise, D is non-trivial and we may then apply Theorem 5.18. It remains to hek
that the normal subgroup ΓD < Γ, if non-trivial, is not nitely generated. But we know that
ΓD is a disrete normal subgroup of D. By Theorem 2.4, the lattie Γ, and hene also HΓ∗ ,
ats minimally without xed point at innity on eah irreduible fator of X ′. Therefore,
Corollary 5.8 in [CM08℄ ensures that D has no nitely generated disrete normal subgroup,
as desired. 
Here is another variation, of a more geometri avour; this time, it is not required that
there be a neutral paraboli isometry:
Theorem 6.2. Let X be a proper geodesially omplete CAT(0) spae with oompat isom-
etry group and Γ < Is(X) be a nitely generated lattie. Assume that Γ is irreduible and
residually nite.
If G := Is(X) ontains any paraboli isometry, then X is a produt of symmetri spaes
and BruhatTits buildings. In partiular, Γ is an arithmeti lattie unless X is a real or
omplex hyperboli spae.
Proof. We maintain the notation of the previous proof and follow the same arguments. We
do not know a priori whether there exists a neutral paraboli isometry. However, under the
present assumption that X is geodesially omplete, Corollary 6.3 in [CM08℄ point (iii)
shows that the existene of any paraboli isometry is enough to ensure that Is(X ′) is not
totally disonneted. Thus the onlusion of Theorem 6.1 holds. In ase (i), Theorem 7.4
in [CM08℄ point (iii) ensures that X is a rank one symmetri spae and we are done. We
now assume that (ii) holds and dene D as in the proof of Theorem 6.1.
The anonial disrete kernel ΓD is trivial by Theorem 4.11. Sine D has no non-trivial
ompat normal subgroup by Corollary 5.8 in [CM08℄, it follows from Theorem 5.18 that
D is a totally disonneted semi-simple algebrai group. Therefore, the desired result is a
onsequene of Theorem 7.4 in [CM08℄ point (iii). 
For the reord, we propose a variant of Theorem 6.2:
Theorem 6.3. Let X be a proper geodesially omplete CAT(0) spae with oompat isom-
etry group and Γ < Is(X) be a nitely generated lattie. Assume that Γ is irreduible and
that every normal subgroup of Γ is nitely generated.
If G := Is(X) ontains any paraboli isometry, then X is a produt of symmetri spaes
and BruhatTits buildings of total rank ≥ 2. In partiular, Γ is an arithmeti lattie.
Proof. As for Theorem 6.2, we an apply Theorem 6.1. We laim that ase (i) is ruled
out under the urrent assumptions. Indeed, a lattie in a simple Lie group of rank one is
relatively hyperboli (see [Far98℄ or [Osi06℄) and as suh has numerous innitely generated
normal subgroups (and is even SQ-universal, see [Gro87℄ or [Del96℄ for the hyperboli ase
and [AMO07℄ for the general relative ase). In ase (ii) the disrete kernel ΓD is trivial and
rank one is exluded as in ase (i) if the group is Arhimedean; if it is non-Arhimedean,
then there are no non-uniform nitely generated latties (see [BL01℄) and thus Γ is again
Gromov-hyperboli whih ontradits the assumption on normal, subgroups as before. 
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We an now omplete the proof of some results stated in the Introdution.
Proof of Theorem 1.5. If Γ is residually nite, then Theorem 6.2 yields the desired onlu-
sion; it therefore remains to onsider the ase where Γ is not residually nite. We follow the
beginning of the proof of Theorem 6.2 until the invoation of Theorem 4.11, sine the latter
no longer applies. However, we still know that there is a non-trivial Lie fator in Is(X ′) and
therefore we apply Theorem 5.18 in order to obtain the desired onlusion about the lattie
Γ. As for the symmetri spae fator of the spae, it is provided by Theorem 7.4 in [CM08℄
point (iii). 
Proof of Corollary 1.6. One impliation is given by Theorem 1.5. For the onverse, it sues
to reall that unipotent elements exist in all semi-simple Lie groups of positive real rank. 
6.B. Arithmetiity of linear CAT(0) latties. We start by onsidering CAT(0) latties
with a linear non-disrete linear ommensurator:
Theorem 6.4. Let X be a proper geodesially omplete CAT(0) spae with oompat isom-
etry group and Γ < Is(X) be a nitely generated lattie. Assume that Is(X) possesses a
nitely generated subgroup Λ ontaining Γ as a subgroup of innite index, and ommensu-
rating Γ.
If X is irreduible and Λ possesses a faithful nite-dimensional linear representation (in
harateristi 6= 2, 3), then X is a symmetri spae or a BruhatTits building; in partiular
Γ is an arithmeti lattie.
Remark 6.5. Several examples of irreduible CAT(0) spaes X of dimension > 1 ad-
mitting a disrete oompat group of isometries with a non-disrete ommensurator in
Is(X) have been onstruted by F. Haglund [Hag98℄ and A. Thomas [Tho06℄ (see also [Hag,
Théorème A℄ and [BT℄). In all ases that spae X is endowed with walls; in partiular X
is the union of two proper losed onvex subspaes. This implies in partiular that X is
not a Eulidean building. Therefore, Theorem 6.4 has the following onsequene: in the
aforementioned examples of Haglund and Thomas, either the ommensurator of the lattie
is nonlinear, or it is the union of a tower of latties. In fat, as ommuniated to us by
F. Haglund, for most of these latties the ommensurator ontains ellipti elements of in-
nite order; this implies right away that the ommensurator is not an asending union of
latties and, hene, it is nonlinear. Note on the other hand that it is already known that
Is(X) is mostly nonlinear in these examples, sine it ontains losed subgroups isomorphi
to the full automorphism group of regular trees.
Proof of Theorem 6.4. Sine X is irreduible and the ase X = R satises the onlusions
of the theorem, we assume heneforth that X has no Eulidean fator.
The Is(X)-ation on X is minimal by Lemma 3.13 in [CM08℄ and has no xed point at
innity by Corollary 3.12. In partiular, we an apply Theorem 1.1 in [CM08℄: either Is(X)
is totally disonneted or it is simple Lie group with trivial entre and X is the assoiated
symmetri spae. In the latter ase, Margulis' arithmetiity theorem nishes the proof. We
assume heneforth that Is(X) is totally disonneted.
Let G denote the losure of Λ in Is(X). Note that G ats minimally without xed point
at innity, sine it ontains a subgroup, namely Γ, whih possesses these properties by
Theorem 2.4. In partiular G has trivial amenable radial by Theorem 1.10 in [CM08℄ and
thus the same holds for the dense subgroup Λ < G. In partiular any faithful representation
of Λ to an algebrai group yields a faithful representation of Λ to an adjoint semi-simple
algebrai group with Zariski-dense image, to whih we an apply Theorem 5.17. As we saw,
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the group G has no non-trivial ompat (in fat amenable) normal subgroup and furthermore
G is irreduible sine X is so, see Theorem 1.10 in [CM08℄. The fat that the lattie Γ has
innite index in Λ rules out the disrete ase. Therefore G is a simple algebrai group and
Γ an arithmeti lattie.
It remains to dedue that X has the desired geometri shape. This will follow from
Theorem 7.4 in [CM08℄point (iii) provided we show that ∂X is nite-dimensional and that
G has full limit set. The rst fat holds sine X is oompat; the seond is provided by
Corollary 2.10. 
Remark 6.5 illustrates that Theorem 6.4 fails dramatially if one assumes only that Γ is
linear. However, passing now to the ase where X is reduible, the linearity of Γ is enough
to establish arithmetiity, independently of any assumption on ommensurators, the result
announed in Theorem 1.8 in the Introdution.
Theorem 6.6. Let X be a proper geodesially omplete CAT(0) spae with oompat isom-
etry group and Γ < Is(X) be a nitely generated lattie. Assume that Γ is irreduible and
possesses some faithful linear representation (in harateristi 6= 2, 3).
If X is reduible, then Γ is an arithmeti lattie and X is a produt of symmetri spaes
and BruhatTits buildings.
Proof. In view of Theorem 3.8, we an assume that X has no Eulidean fator. The Is(X)-
ation on X is minimal by Lemma 3.13 in [CM08℄ and has no xed point at innity by
Corollary 3.12. In partiular, we an apply Theorem 1.1 in [CM08℄ to obtain deomposi-
tions of Is(X) and X in whih the fators of X orresponding to onneted fators of Is(X)
are isometri to symmetri spaes. There is no loss of generality in assuming Γ∗ = Γ in the
notation of Setion 4.B. Let now G be the hull of Γ. By Remark 4.6, the group Γ is an
irreduible lattie in G.
Sine Is(X) ats minimally without xed point at innity, it follows from Corollary 2.7
that Γ has trivial amenable radial. In partiular any faithful representation of Γ to an
algebrai group yields a faithful representation of Γ to an adjoint semi-simple algebrai
group with Zariski-dense image, to whih we an apply Theorem 5.1.
The group G has no non-trivial ompat normal subgroup e.g. by minimality. Further-
more the disrete fator is trivial by Theorem 4.2. Therefore G is a simple algebrai group
and Γ an arithmeti lattie.
It remains to dedue that X has the desired geometri shape and this follows exatly as
in the proof of Theorem 6.4. 
6.C. A family of examples. We shall now onstrut a family of latties Γ < G = S ×D
as in the statement of Theorem 5.18 (see also Theorem 6.2) with the following additional
properties:
(i) There is a proper CAT(0) spae Y with D < Is(Y ) suh that the D-ation is
oompat, minimal and without xed point at innity. In partiular, setting X =
XS × Y , where XS denotes the symmetri spae assoiated to S, the Γ-ation on
X is properly disontinuous (in fat free), oompat, minimal, without xed point
at innity.
(ii) The anonial disrete kernel ΓD✁D is innite (in fat, it is a free group of ountable
rank).
(iii) The pronite kernel of D/ΓD → Q is non-trivial.
Remark 6.7. Sine D is minimal, it has no ompat normal subgroup and thus we see that
the pronite extension appearing in Theorem 5.18 annot be eliminated.
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We begin with a general onstrution:
Let g be (the geometri realisation of) a loally nite graph (not redued to a single point)
and let Q < Is(g) a losed subgroup whose ation is vertex-transitive. In partiular, Q is
a ompatly generated totally disonneted loally ompat group. We point out that any
ompatly generated totally disonneted loally ompat group an be realised as ating on
suh a graph by onsidering Shreier graphs g, see [Mon01,  11.3℄; the kernel of this ation
is ompat and arbitrary small. On the other hand, if Q is a non-Arhimedean semi-simple
group, one an also take very expliit graphs drawn on the BruhatTits building of Q, e.g.
the 1-skeleton (this part is inspired by [BM00a, 1.8℄, see also [BMZ04℄).
Let moreover C be an innite pronite group and hoose a loally nite rooted tree t with
a level-transitive C-ation for whih every innite ray has trivial stabiliser. For instane,
one an hoose the oset tree assoiated to any nested sequene of open subgroups with
trivial intersetion, see the proof of Théorème 15 in  6 on p. 82 in [Ser77℄. We dene a
loally nite graph h with a C × Q-ation as the 1-skeleton of the square omplex t × g.
Let a = h˜ be the universal over of h, Λ = π1(h) and dene the totally disonneted loally
ompat group D by the orresponding extension
1 −→ Λ −→ D −→ C ×Q −→ 1.
Proposition 6.8. There exists a proper CAT(0) spae Y suh that D sits in Is(Y ) as a
losed subgroup whose ation is oompat, minimal and without xed point at innity.
Proof. One veries readily the following:
Lemma 6.9. Let a be (the geometri realisation of) a loally nite simpliial tree and
D < Is(a) any subgroup. Let x ∈ a be a vertex and let Y be the ompletion of the metri
spae obtained by assigning to eah edge of a the length 2−r, where r is the ombinatorial
distane from this edge to the nearest point of the orbit D.x.
Then Y is a proper CAT(0) spae with a oompat ontinuous isometri D-ation. More-
over, if the D-ation on a was minimal or without xed point at innity, then the orre-
sponding statement holds for the D-ation on Y . 
Apply the lemma to the tree a = h˜ onsidered earlier. We laim that the D-ation on
a is minimal. Clearly it sues to show that the Λ-ation is minimal. Note that Λ ats
transitively on eah bre of p : h˜ → h. Thus it is enough to show that the onvex hull of
a given bre meets every other bre. Consider two distint verties v, v′ ∈ h. The produt
nature of h makes it lear that v and v′ are both ontained in a ommon minimal loop
based at v. This loop lifts to a geodesi line in h˜ whih meets the respetive bres of v and
v′ alternatively and periodially. In partiular, this onstrution yields a geodesi segment
joining two points in the bre above v and ontaining a point sitting above v′, whene the
laim.
Sine Λ ats freely and minimally on the tree a whih is not redued to a line, it follows
that Λ xes no end of a. Thus the lemma provides a proper CAT(0) spae Y with a
oompat minimal isometri D-ation, without xed point at innity. It remains to show
that D < Is(Y ) is losed. This holds beause the totally disonneted groups Is(a) and
Is(Y ) are isomorphi; indeed, the anonial map a → Y indues a ontinuous surjetive
homomorphism Is(a)→ Is(Y ), whih is thus open. 
Remark 6.10. The above onstrution gives an example of a proper CAT(0) spae with
a totally disonneted oompat and minimal group of isometries suh that not all point
stabilisers are open. Consider indeed the points added when ompleting. Their stabilisers
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map to Q under D → (C × Q) and hene annot be open. In other words, the ation is
not smooth in the terminology of [Cap07℄. Notie however that the set of points with open
stabiliser is neessarily a dense onvex invariant set.
We shall now speialise this general onstrution to yield our family of examples. Let K,
H, Σ,K(Σ) be as desribed after Theorem 5.1 on p. 25. We write Σf ,Σ∞ ⊆ Σ for the subsets
of nite/innite plaes and assume that both are non-empty. Let S =
∏
v∈Σf
H(Kv)
+
and
Q =
∏
v∈Σ∞
H(Kv)
+
. The group ∆ = H(K(Σ)) ∩ (S × Q) is an irreduible oompat
lattie in S × Q. Let C be any pronite group with a dense inlusion ∆ → C. We now
embed ∆ diagonally in S × C × Q; learly ∆ is a oompat lattie. Let Γ < G = S ×D
be its pre-image. Then Γ is a oompat lattie sine it ontains the disrete kernel of the
anonial map G→ S ×C ×Q. It is learly irreduible and therefore provides an example
that the struture of the desription in the onlusion of Theorem 5.18 annot be simplied.
Furthermore, the normal subgroup appearing in Theorem 6.1(ii) is also unavoidable.
We end this setion with a few supplementary remarks on the preeding onstrution:
(i) If the pronite group C has no disrete normal subgroup, then ΓD = π1(h) oinides
with the quasi-entre of D. This would be the ase for example if C = H(Kv) and
H is almost K-simple of higher rank, where v is a non-Arhimedean valuation suh
that H is Kv-anisotropi. In partiular, in that situation ΓD is the unique maximal
disrete normal subgroup of D and the quotient D/ΓD has a unique maximal
ompat normal subgroup. Thus the group G admits a unique deomposition as in
Theorem 5.18 in this ase.
(ii) We emphasise that, even though D/ΓD deomposes as a diret produt C × Q
in the above onstrution, the group D admits no non-trivial diret produt de-
omposition, sine it ats minimally without xed point at innity on a tree (see
Theorem 1.10 in [CM08℄).
(iii) The fat that D/ΓD deomposes as a diret produt C × Q is not a oinidene.
In fat, this is happens always provided that every oompat lattie in S has the
Congruene Subgroup Property (CSP). Indeed, given a ompat open subgroup U
of D/ΓD, the intersetion ΓU of Γ ∩ (S × U) is an irreduible lattie in S × U
with trivial anonial disrete kernels. By (CSP), upon replaing ΓU by a nite
index subgroup (whih amounts to replae U by an open subgroup), the pronite
ompletion Γ̂U splits as the produt over all primes p of the pro-p ompletions (̂ΓU )p,
whih are just-innite. Thus the anonial surjetive map Γ̂U → U shows that U
is a diret produt. This implies that the maximal ompat normal subgroup of
D/ΓD is a diret fator.
(iv) Aording to a onjeture of Serre's (footnote on page 489 in [Ser70℄), if S has
higher rank then every irreduible lattie in S has (CSP). (See [Rag04℄ for a reent
survey on this onjeture.)
7. A few questions
We onlude by olleting some further questions that we have enountered while working
on this paper.
It is well known that the Tits boundary of a proper CAT(0) spae with oompat
isometry group is neessarily nite-dimensional (see [Kle99, Theorem C℄). It is quite possible
that the same onlusion holds under a muh weaker assumption.
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Question 7.1. Let X be a proper CAT(0) spae suh that Is(X) has full limit set. Is the
boundary ∂X nite-dimensional?
A positive answer to this question would show in partiular that the seond set of as-
sumptions  denoted (b)  in Theorem 7.4 in [CM08℄ is in fat redundant.
Let G be a simple Lie group ating ontinuously by isometries on a proper CAT(0) spae
X. The KarpelevihMostow theorem ensures that there exists a onvex orbit when X is a
symmetri spae of non-ompat type. This statement, however, annot be generalised to
arbitrary X in view of Example 7.7 in [CM08℄.
Question 7.2. Let G be a simple Lie group ating ontinuously by isometries on a proper
CAT(0) spae X. If the ation is oompat, does there exist a onvex orbit?
It is shown in Theorem 7.4 in [CM08℄ point (iii) that if X is geodesially omplete,
then the answer is positive. It is good to keep in mind Example 7.6 in [CM08℄, whih
shows that the natural analogue of this question for a simple algebrai group over a non-
Arhimedean loal eld has a negative answer. More optimistially, one an ask for a onvex
orbit whenever the simple Lie group ats on a omplete (not neessarily proper) CAT(0)
spae, but assuming the ation non-evanesent (in the sense of [Mon06℄). A positive answer
would imply superrigidity statements upon applying it to spaes of equivariant maps.
Many of our statements on CAT(0) latties require the assumption of nite generation.
One should of ourse wonder for eah of them whether it remains valid without this as-
sumption. One instane where this question is espeially striking is the following (see
Corollary 3.12).
Question 7.3. Let X be a proper CAT(0) spae whih is minimal and oompat. Assume
that Is(X) ontains a lattie. Is it true that Is(X) has no xed point at innity?
In a forthoming artile [CM08b℄, we shall establish a positive answer to this question by
investigating the rle of unimodularity for the full isometry group.
We have seen in Corollary 7.12 in [CM08℄ that if the isometry group of a proper CAT(0)
spae X is non-disrete in a strong sense, then Is(X) omes lose to being a diret produt
of topologially simple groups.
Question 7.4. Retain the assumptions of Corollary 7.12 in [CM08℄. Is it true that soc(G∗)
is a produt of simple groups? Is it oompat in G, or at least does G have ompat
Abelianisation?
Clearly Corollary 7.12 in [CM08℄ redues the question to the ase where Is(X) is totally
disonneted. One an also ask if soc(G∗) is ompatly generated (whih is the ase e.g if
it is oompat in G). If so, we obtain additional information by applying Proposition 6.12
in [CM08℄.
In the above situation one furthermore expets that the geometry of X is enoded in the
struture of Is(X). In preise terms, we propose the following.
Question 7.5. Retain the assumptions of Corollary 7.12 in [CM08℄. It it true that any
proper oompat ation of G on a proper CAT(0) spae Y yields an equivariant isometry
∂X → ∂Y between the Tits boundaries? Or an equivariant homeomorphism between the
boundaries with respet to the ne topology?
The disussion around Corollary 5.3 (f. Remark 5.4) suggests the following.
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Question 7.6. Let Γ < G = G1×· · ·×Gn be an irreduible nitely generated lattie, where
eah Gi is a loally ompat group. Does every harater Γ → R extend ontinuously to
G?
Y. Shalom [Sha00℄ proved that this is the ase when Γ is oompat and in some other
situations.
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